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THE ANALYTIC CONTINUATION OF VOLUME AND THE BELLOWS 
CONJECTURE IN LOBACHEVSKY SPACES 

ALEXANDER A. GAIFULLIN 


Abstract. A flexible polyhedron in an n-dimensional space X n of constant curvature is a 
polyhedron with rigid (n— l)-dimensional faces and hinges at (n — 2)-dimensional faces. The 
Bellows conjecture claims that, for n > 3, the volume of any flexible polyhedron is constant 
during the flexion. The Bellows conjecture in Euclidean spaces E" was proved by Sabitov 
for n = 3 (1996) and by the author for n > 4 (2012). Counterexamples to the Bellows 
conjecture in open hemispheres S” were constructed by Alexandrov for n = 3 (1997) and 
by the author for n > 4 (2015). In this paper we prove the Bellows conjecture for bounded 
flexible polyhedra in odd-dimensional Lobachevsky spaces. The proof is based on the study 
of the analytic continuation of the volume of a simplex in the Lobachevsky space considered 
as a function of the hyperbolic cosines of its edge lengths. 


1. Introduction 

Let X n be one of the three n-dimensional spaces of constant curvature, namely, the Eu¬ 
clidean space E n , or the Lobachevsky space A n , or the sphere §”. We shall always normalize 
the metrics on the sphere § n and on the Lobachevsky space A n so that their (sectional) 
curvatures are equal to 1 and —1, respectively. We consider an oriented connected closed 
(n — l)-dimensional polyhedral surface P in X n with rigid (n — l)-faces and with hinges 
at (n — 2)-faces. We consider continuous deformations P t of P such that all P t have the 
same combinatorial type, and every (n — l)-face of Pt remains congruent to itself during the 
deformation, while the dihedral angles at (n — 2)-faces of P t are allowed to vary continuously. 
Such deformations Pt are called flexions of P. A flexion P t is called non-trivial if it is not 
induced by an ambient rotation of X n . A polyhedral surface P is called a flexible polyhedron 
if it admits a non-trivial flexion. Notice that the surface P is not required to be embedded, 
though embedded flexible polyhedra are of a special interest. The two-dimensional case is 
trivial, since all generic polygons in E 2 , A 2 , and § 2 with at least four sides are flexible, and 
all triangles are rigid. So further we assume that n > 3. 

The study of flexible polyhedra started with Bricard’s classification of flexible octahedra 
in E 3 , see [6j. According to this classification, there are three families of flexible octahedra 
in E 3 , and none of them contains an embedded octahedron. The first example of an embedded 
flexible polyhedron in E 3 was constructed by Connelly EH, see also [21]. The simplest of the 
presently known embedded flexible polyhedra was constructed by Steffen in 1978. It has 9 
vertices. This polyhedron and its unfolding are shown in Fig. CD A more detailed description 
of it can be found in 11 2] . Kuiper [2H Sect. 2.7] noticed that the analogues of Bricard’s 
flexible octahedra and of Connelly’s flexible polyhedron exist both in A 3 and in § 3 , see 
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FIGURE 1. Steffen’s flexible polyhedron and its unfolding 

also [36]. For a long time the problem on existence of flexible polyhedra in dimensions 4 and 
higher remained open. Examples of flexible self-intersecting polyhedra in dimension 4 were 
constructed by Walz (unpublished) and Stachel [35]. In dimensions 5 and higher, the first 
examples of flexible polyhedra were constructed by the author [19] in all the three spaces E n , 
A n , and § n . In addition, in [2D] the author showed that in spheres § n of all dimensions there 
exist embedded flexible polyhedra with the combinatorial type of the cross-polytope that 
are contained in the open hemispheres (Recall that the cross-polytope is the regular 
polytope dual to the cube.) However, the problem on the existence of embedded flexible 
polyhedra in Euclidean and Lobachevsky spaces of dimensions 4 and higher is still open. 

In 1978 Connelly [13] conjectured that the volume of any flexible polyhedron in E 3 is 
constant during the flexion. This assertion is now called the Bellows conjecture. Notice that 
this conjecture makes sense for all polyhedra without the requirement of embeddedness, since 
for self-intersecting polyhedra there is a natural concept of a generalized oriented volume , 
see Section [7] for details. The proof of the Bellows conjecture by Sabitov [27]-[2D] is one of 
the most amazing results in the theory of flexible polyhedra. Another proof was obtained 
in m ■ Notice that flexible polygons change their areas during the flexion, so no analogue 
of the Bellows conjecture holds in dimension 2. 

It is natural to consider the analogues of the Bellows conjecture for flexible polyhedra in all 
spaces of constant curvature of dimensions 3 and higher. If X n = E n or A n , then the Bellows 
conjecture in X n says that the volume of any flexible polyhedron in X n is constant during 
the flexion. The author na, |I8 ] proved the Bellows conjecture in all Euclidean spaces E n , 
n > 4. 

The aim of the present paper is to prove that the Bellows conjecture holds for all bounded 
flexible polyhedra in odd-dimensional Lobachevsky spaces A n , n > 3. 

Theorem 1.1. The generalized oriented volume of any bounded flexible polyhedron in A n , 
where n is odd and n > 3, is constant during the flexion. 

To make this assertion rigorous, we need to give rigorous definitions of a flexible polyhedron 
and of a generalized oriented volume. This will be done in Section [7] Theorem 17.31 in that 
section is a more precise formulation of Theorem 11.11 

In Lobachevsky spaces, alongside with bounded flexible polyhedra, one can consider flex¬ 
ible polyhedra of finite volume with some vertices on the absolute. It remains unknown 
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whether the Bellows conjecture is true for such polyhedra. Also, it still remains unknown 
whether the Bellows conjecture is true in even-dimensional Lobachevsky spaces. 

In the spherical case there exist the following trivial examples of flexible polyhedra with 
non-constant volumes. Consider any flexible polygon with non-constant area in the equatorial 
sphere § 2 C § 3 , and take the suspension over it with the vertices at the poles of § 3 . It is easy 
to see that the volume of the obtained flexible polyhedron is non-constant. Iterating this 
construction, we can obtain examples of flexible polyhedra with non-constant volumes in 
spheres of all dimensions. Such trivial examples become possible because they are too large 
and contain pairs of antipodal points of the sphere. Therefore, the Bellows conjecture for § n , 
n > 3, was usually formulated as follows: The volume of any flexible polyhedron contained 
in the open hemisphere §" C S n is constant during the flexion. However, this assertion is 
also false. The first example of a flexible polyhedron in §? with non-constant volume was 
constructed by Alexandrov [3j. Recently, the author [2D] has constructed embedded flexible 
cross-polytopes with non-constant volumes in §" for all n > 3. Thus the Bellows conjecture 
in spheres is false. In [20] the author has suggested the Modified bellows conjecture, which 
claims that, for any flexible polyhedron P t in S”, n > 3, one can replace some vertices 
of P t with their antipodes so that the generalized oriented volume of the obtained flexible 
polyhedron will become constant during the flexion. Up to now, no counterexample to the 
Modified bellows conjecture is known. 

A survey of some other results and problems on flexible polyhedra and their volumes can 
be found in [30]. 

The main ingredient of our proof of Theorem 11.11 is the study of the analytic continuation 
of the volume of a bounded simplex in A n considered as a function of the hyperbolic cosines 
of its edge lengths. Much more studied is the problem of expressing the volumes of convex 
polytopes in A n or §> n from their dihedral angles. The fundamental results in this area were 
obtained by Lobachevsky, Schlafli, Coxeter, and Milnor; a good survey can be found in [TJ 
Ch. 7]. In particular, it is known that the functions expressing the volumes of simplices in § n 
and A n from their dihedral angles can be obtained from each other by analytic continuation, 
see US], 0. Besides, in the Lobachevsky case, the volume of a simplex can be expressed from 
its dihedral angles not only for bounded simplices but also for simplices with some vertices 
on the absolute. The functions expressing the volumes of simplices in § n and A n from their 
edge lengths have fewer good properties. Nevertheless, they are much more convenient in 
the study of flexible polyhedra, since edge lengths are constant during flexions while dihedral 
angles vary. 

Let A n C A n be a bounded rt-dirnensional simplex with vertices vq, ... ,v n , and let £j k 
be the length of an edge [ujvf\. We put Cj k = cosh £j kl Cjj = 1, and consider the matrix 
C(A n ) = (cjk) of size (n + 1) x (n + 1). If we identify the Lobachevsky space A n with its 
standard vector model, namely, with the half of the hyperboloid (x, x) = 1, Xq > 0 in the 
pseudo-Euclidean vector space M 1,n with the inner product 

(x, y) = x 0 y 0 - xiyi - x n y n , 

then the matrix C*(A n ) will become the Gram matrix of the vertices of A n . 

We denote by Q^ n flC) (respectively, by C7( n )(M)) the affine space of all complex (respectively, 
real) symmetric matrices C of size (n + 1) x (n + 1) with units on the diagonal. Let C c 
£/( n )(M) be the subset consisting of all matrices C(A n ) corresponding to non-degenerate 
bounded simplices A n C A n . Obviously, C\n is a domain in f/( n )(M). 
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The simplex A n can be recovered from a matrix C G C\n uniquely up to isometry, and the 
volume of A" is a real analytic function of C, which will be denoted by V\™(C). Aomoto [5] 
studied the analytic continuation of the function V\n(C) using Schlafli’s formula for the 
differential of the volume, see Section [4] for details. He proved that the analytic continuation 
of V\n (C) yields a multi-valued function on Q( n \ (C) that branches along X and has no other 
singularities, where X is the hypersurface in (C) consisting of all matrices C such that at 
least one of the principal minors of C vanishes. In other words, the function V^n (C) admits 
the analytic continuation along every path in <?( n )(C) \ X. The multi-valued function on 
Q( n \ (C) \ X obtained by the analytic continuation of V\n(C ) will be denoted by V\ n(C). 

Our main result concerning the analytic continuation of the volume of a simplex in an 
odd-dimensional Lobachevsky space is as follows. 

Theorem 1.2. Suppose that n is odd. Let 7 : [0,1] —> fq n )(C) \ X be an arbitrary closed 
path such that 7 ( 0 ) = 7 ( 1 ) G C\n. Let Vi(C') and V 2 (C) be two branches of the multi-valued 
function V\n(C) in a neighborhood of 7 ( 0 ) such that V 2 (C) is obtained from V\(C) by the 
analytic continuation along 7 . Then 

^2(7(0)) - (—l) lk( 7 ’ w) Vi( 7 (0)) G iR, 

where TL C fq n )(C) is the hypersurface consisting of all degenerate matrices C, and lk( 7 , TL) 
is the linking number of 7 and TL. 

First, this result is the main technical step in our proof of Theorem 11.11 Second, it 
seems to be interesting in itself. There exists an analogue of this theorem for simplices in 
even-dimensional Lobachevsky spaces and in spheres. It is even easier to formulate, but, 
unfortunately, it does not yield any analogue of Theorem 11.11 If X n = § n , then we put 
Cjk = cos £jk instead of = cosh l ]k so that C( A n ) is the Gram matrix of the vertices 
of A n , where §" is realized as the unit sphere in the Euclidean vector space M n+1 . As in 
the Lobachevsky case, we denote by C§n the domain in C7( n )(M) consisting of all matrices 

C(A n ) corresponding to non-degenerate simplices A n C § n , and we denote by Vsn(C') the 
multi-valued analytic function obtained by the analytic continuation of the function Vsn(C') 
computing the volume of a spherical simplex from the cosines of its edge lengths. Again, by a 
result of Aomoto [5], the ramification locus of V§n(C') is the same hypersurface X C £/( n )(C). 

Theorem 1.3. Suppose that either X n = A n and n is even or X n = and n is arbitrary. 
Then all branches of the multi-valued function Vx"(C) are real in all points of C\n. 

The main tool in our proofs of Theorems II.21 [L3l and ll.ll is Schlafli’s formula for the differ¬ 
ential of the volume of a convex polytope in X n that is deformed preserving its combinatorial 
type. Recall that this formula is as follows: 

KdV n (P) — —V V n . 2 (F)da F , (1.1) 

n — 1 ■' 

FcP, dim F=n—2 

where the sum is taken over all codimension 2 faces F of an n- dimensional polytope P , 
14 denotes the fc-dimensional volume, a F is the dihedral angle of P at F, and K is the 
(sectional) curvature of X n . This formula was proved by Schlafli [3Tj for § n and by Sforza [ 32 ] 
for A n , see also [1] Ch. 7, Sect. 2.2], Actually, the convexity of P is unimportant, and 
formula ( 11 . 11 ) holds true for all polyhedra, see Lemma [9. II Schlafli’s formula is a very useful 
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tool for studying the analytic properties of the volumes of simplices in A 71 and § n . As it 
has already been mentioned, it was the main ingredient of Aomoto’s construction of the 
analytic continuations of the functions Vx«(C). Let us also mention that Schlaffi’s formula 
was used by Rivin [26] to give a simpler proof of Milnor’s conjecture on the continuity of the 
extension of the function computing the volume of a simplex from its dihedral angles, which 
was originally proved by Luo |22| . 

We shall use Schlafli’s formula twice. First, we shall use it to prove Theorems 11.21 and 11.31 
by induction on n. Second, we shall use it to deduce Theorem 11.11 from Theorem 11.21 The 
scheme of our exposition will be roughly as follows. We shall show that the configuration 
space £ of any flexible polyhedron P t in A 2m+1 is a connected component of a real affine 
variety, and consider the analytic continuation of the generalized oriented volume of P t to the 
complexihcation £c of this variety. On the one hand, Schlafli’s formula for P t will imply that 
the difference between any two branches of the obtained multi-valued analytic function V 
is real. On the other hand, Theorem 11.21 will imply that this difference is purely imaginary 
on £. Thus, we shall conclude that the function V is single-valued. Finally, we shall show 
that the imaginary part of V has logarithmic growth, and shall use Liouville’s theorem on 
entire functions to show that the function V is constant. 

Remark 1.4. In the even-dimensional case both Schlafli’s formula and Theorem II. 3l will yield 
the same result, namely, they will yield that the difference between any two branches of the 
multi-valued function V is real on £. This is not sufficient to conclude that the function V 
is single-valued. Hence we cannot apply Liouville’s theorem on entire functions. Therefore 
our method for proving Theorem 11.11 does not work in even dimensions. Nevertheless, the 
question of whether the Bellows conjecture holds true in even-dimensional Lobachevsky 
spaces remains open, since no counterexample is known, too. 

In the Euclidean space E n Schlafli’s formula yields that the right-hand side of (11.11) van¬ 
ishes. Hence the differential of the volume does not enter this formula. This immediately 
implies that the total mean curvature 

TMC(P) = V n . 2 (F)(n - a F ) (1.2) 

FcP, dim F=n—2 

of a polyhedron P in E n is constant during flexions of P , see 0.0 Similarly, for a flexible 
polyhedron P t in A n , the linear combination (n — 1 )V n (Pt) — TMC(Pt) is constant during 
the flexion. (See Remark 19.101 for a rigorous definition of the total mean curvature of a 
non-embedded polyhedron.) 

Corollary 1.5. The total mean curvature of any bounded flexible polyhedron in A n , where n 
is odd and n > 3, is constant during the flexion. 

In the three-dimensional case, there exist explicit formulae for the volumes of simplices 
in S 3 and A 3 . The first formula of such kind was obtained by Sforza [32] . More convenient 
formulae in terms of Lobachevsky’s function JI ( x) = — Jq log 12 sin 11 dt or, equivalently, in 
terms of the dilogarithm Li 2 (x) = — f (j l log(l — f)y were obtained in [10], [24], [23] , [16]. It 
is possible that Theorems 11.21 and 11.31 in the three-dimensional case can be deduced from 
these explicit formulae. However, this seems to be rather hard, since all these formulae are 
very cumbersome. In this paper, we do not use them. 
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This paper is organized as follows. Sections EHS contain the proofs of Theorems 11.21 
and 11.31 The main technical lemma is Lemma 13.21 which provides a sufficient condition 
that ensures that all branches of a multi-valued analytic function on a principal Zariski open 
subset X C C m are real on a connected component U of X flM m . The key role in this lemma 
is played by a special unipotent filtration on the ring of multi-valued analytic functions 
on a complex analytic manifold. The construction of this filtration is given in Section [21 
Lemma 13.21 is formulated and proved in Section^ In Section [I] we recall Aomoto’s results on 
the analytic continuations of the functions Vx« (C). In Sections [5] and [6] we apply Lemma [3721 
to prove Theorems 11.21 and 11.31 Section [7] contains all necessary definitions and notation 
concerning flexible polyhedra. Also in this section we give a more precise formulation of 
Theorem 11.11 (Theorem 17. 3D . In Sections IBHTT1 we study the analytic continuation of the 
generalized oriented volume of a flexible polyhedron, and prove Theorem 17.31 

Throughout the paper, we shall deal with various classes of functions on complex analytic 
manifolds. Let us fix the terminology that we shall use in the sequel. We shall use the 
term ‘analytic function’ for a multi-valued analytic function, though in most cases we shall 
specify explicitly that the function under consideration is multi-valued. However, the term 
‘holomorphic function’ will always stand for a single-valued analytic function, either in the 
point or on the whole manifold under consideration. The ring of holomorphic functions on 
a complex analytic manifold Y will be denoted by 0(Y). Recall that a function that is 
holomorphic on the whole affine space C m is called an entire function. Almost all complex 
analytic manifolds that are considered in this paper are smooth affine algebraic varieties 
over the field of complex numbers. Following the standard terminology, the restriction of 
a polynomial in coordinates in C m to a (closed) affine submanifold Y C C m will be called 
a regular function. The ring of regular functions on Y will be denoted by C[Y]. Besides, 
by <C(Y) we shall denote the field of rational functions on Y, i.e., the quotient field of the 
ring C[Y]. 

The author is grateful to S. O. Gorchinsky, S. Yu. Nemirovsky, and I. Kh. Sabitov for useful 
discussions. 


2. Unipotent filtrations on spaces of analytic functions 

Let X be a connected complex analytic manifold. Choose a base point z* e X. Let X be 
the universal covering of X. It can be naturally identified with the set of homotopy classes 
of paths in X starting at with respect to the homotopy fixing the endpoints. For the 
base point in X we take the point z* corresponding to the constant path staying at z*. Let 
p : X —y X be the projection. The fundamental group 

7T = 7Ti(X, Z*) 

acts on X from the left by deck transformations; we denote by T 7 the deck transformation 
corresponding to an element 7 6 n. For a path a in X starting at z*, we denote by a the 
lift of a in X starting at z*. Then the end of a depends only on the homotopy class of a. If 
7 is a loop, then the end of 7 coincides with T^z*. With some abuse of notation, we denote 
the homotopy class of a loop by the same letter as the loop itself. Throughout this paper all 
paths and, in particular, all loops are supposed to be piecewise smooth. For any path a, we 
denote by a -1 the same path traversed in the opposite direction. 
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Let A q (X) be the space of holomorphic g-forms on X. In particular, *4°(£) = 0(X) is the 
space of holomorphic functions on X. For 7 6 7 r, the monodromy operator M 7 : A q (X) — y 
A q (X) is the pullback by T 1 . The correspondence 7 1 —>■ M 1 is an anti-homomorphism, i.e., 
M, yi 72 = M 72 M 7l . The variation operator Var 7 : A q (X) —y A q (X) is given by 

Var 7 6 = M y 9 - 9. 

Now, we define subspaces IF\ C A q (X), k e Z, k > —1. First, we put J= {0}. Second, 
we recursively take for J 7 ? the subspace of A q (X) consisting of all 9 such that Var 7 9 e 
for all 7 G 7 T, A: = 0,1,.... The filtration 

{ 0 } = j* 1 

will be called the n-unipotent filtration. Certainly, the union of all IF q generally does not 
coincide with A q (X). 

A g-form 9 e *4. 9 (X) can be considered as a multi-valued analytic g-form on X with a chosen 
principal branch near z*. (The monodromy operators M 1 act by changing the principal 
branch without changing the multi-valued g-form itself.) In particular, the space A q {X) of 
single-valued holomorphic g-forms on X can be naturally considered as a subspace of A q (X). 
Namely, the embedding A q (X) c - y A q {X) is given by the pullback p* by the projection p. It is 
easy to see that the subspace p*A q (X) is exactly the subspace of all 7 r-invariant holomorphic 
g-forms on X. Hence p*A q (X) = Tfi 

Though the above definitions have been given for an arbitrary g, we shall mostly be 
interested in the cases g = 0 and g = 1 , i.e., functions and 1 -forms. Since the manifold X is 
simply connected, any closed 1-form 9 G ^l 1 (X) is exact. Then the function 

mw= f~° 

Jz* 

is well defined and holomorphic on X. 

Lemma 2.1. (1) The spaces J 7 ? are invariant under the monodromy operators M 7 and the 
variation operators Var 7 . 

(2) If 9 X e Tl and 9 2 e A{, then 9 X A 9 2 e . 

(3) If 9 e Ffi then d9 e T q+1 . 

(4) If 9 e J=l and d9 = 0, then 1(9) e J^ +1 . 

Proof. Assertion (1) follows immediately from the equality 

Varg M 7 = M 7 Var 7 / 3 7 -i . 

Let us prove assertion (2) by induction on k + l. If k + l = —1, then either 9\ = 0 or 
6*2 = 0 , hence, the assertion is true. Assume that the assertion is proved for k +1 — m — 1 , 
and prove it for k + l = m. For each 7 G vr, we have 

Var 7 ( 6 l 1 A 0 2 ) = (Var 7 9fi A 9 2 + (M^) A (Var 7 9 2 ). 

Since Var 7 9 j e x and Var 7 0 2 G X) r _ x , the inductive assumption yields Var 7 (0 1 A 9 2 ) e 
HVl-y Hence 9. A 0 2 e JF&- 

Assertion (3) follows immediately by induction on k. The basis of induction for k = — 1 
is obvious. The induction step is obtained from the formula Var 7 d0 = dVar 7 0. 
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Now, let us prove assertion (4) also by induction on k. If k = —1, the assertion is trivial. 
Assume it for k — 1 and prove it for k, k > 0. Suppose that 9 G and d6 = 0. Then for 
each 7 G 7 T, we have Var 7 6 G J-'l-u ^ Var 7 9 = 0, and 

Var 7 X(0) = X(Var 7 9) + c 

for some constant c G C. By the inductive assumption, we have Z(Var 7 $) G J 7 ®. Since 
k > 0, we have c G J 7 ®. Hence Var 7 1(9) G J 7 ®. Therefore 1(9) G Z^ +1 . □ 

For each connected covering X of X, the universal covering of X coincides with X. Hence, 
replacing in the above construction the manifold X with the manifold X, we obtain a new 
filtration on A q (X), which will be called the 7t-unipotent filtration, where ir C 7 r is the 
fundamental group of X. The following special case will be especially important for us. Let 7 r 
be the kernel of the natural epimorphism n —> /J 1 (X;Z 2 ), where Z 2 = Z/ 2 Z is the cyclic 
group of order 2, and let X be the covering of X corresponding to the subgroup ft. Then 
7 Ti(X, z *) = 7 T, where z* is the base point for X chosen so that z* goes to z *, and then to z* 
under the covering mappings X —> X —> X. We denote the projection X —> X by p. Let 

{o}= p_ x c 5* c n c n c • • • 

be the d-nnipotent hltration on „4. g (X). Then the space J 7 ^ is the space consisting of all 
9 G A q (X) such that Var 7 9 G for all 7 G if. Lemma ITU holds true for the hltration J-fi 
In particular, assertion (1) of this lemma says that the spaces T q are invariant under all 
monodromy operators M 1 such that 7 G if. Since if is a normal subgroup of 7 r, the proof of 
assertion (1) of Lemma [2.11 in fact yields the following stronger assertion. 

Lemma 2.2. The spaces Jyf are invariant under all monodromy operators M 7 , 7 G 7 r. 

Example 2.3. Put X = C \ {0}, and consider the function Logz as an element of O(X). 
The variation of this function along any loop is a constant of the form 2nin, n G Z. Hence 
Logz belongs to J 7 ® and, a fortiori, to J 7 jh A more interesting example is as follows. Put 
X = C\{—1,1}, and consider the function Arcsinz as an element of 0(X). The subgroup 
if C 7 T has index 4 and consists the homotopy classes of all loops 7 that have even winding 
numbers around the points 1 and —1. It is easy to see that the monodromy of Arcsin z along 
any loop 7 whose homotopy class belongs to if yields a function of the form Arcsin z + 27m, 
n G Z. Hence the function Arcsine belongs to J 7 jh However, it is easy to see that Arcsine 
belongs to none of the spaces J 7 ®. 

Assume that the group L/i(X; Z 2 ) is finite; let 2 s be the order of this group. We introduce 
the notation 

H = H 1 (X] Z 2 ), H* = H\X; Z 2 ). 

There is a canonical identification H* = Hom( 7 r,Z 2 ). We denote by (-, •) the non-degenerate 
pairing H* <g) H —y Z 2 . The homology class in H represented by a loop 7 or by a homotopy 
class 7 G 7 T will be denoted by [ 7 ]. 

It is useful to give the following characterization of the spaces jy? in terms of all monodromy 
operators M 7 , 7 G it. For each p G H*, we define the corresponding twisted variation operator 

by 

Vai*9 = M y 9 - (-1 ) pM 9. 
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Lemma 2.4. Suppose that k,q > 0. Then the space J 7 ? coincides with the space of all 
q-forms 6 G A g (X) that admit a decomposition 

o = E ( 2 -i) 

p£H* 

such that Var ^9 P G J r |_ 1 /or all 7 G vr and all p G i/*. If 9 G J 7 ^, then we can take for 6 p 
the 1-forms given by 

2 s 

< 22 ) 

i=i 

where 71 = 1, 72 ,..., 72 ® G 7 r are some representatives of all 2 s cosets n/n. 

Proof. First, assume that 9 admits a decomposition of the form (12.11) . For all 7 G n and all 
p G H*, we have p( 7 ) = 0, hence, Var 1 9 p = Var g 9 p G j-jL-p Therefore 9 P G for all p, 
thus, 9 G J 7 / 

Second, assume that 9 G J-f. Consider the g-forms 9 P given by (12.21) . Since [ 71 ] = 0, 
[ 72 ],..., [ 72 =] are all different elements of H , we easily see that J2 P eH* = Let us P rove 

that Vap) 9 p G J 7 P _ ] for all 7 G n. Let 17 , be the involutive permutation of {1,..., 2 s } such 
that [ 7 i/ 7 (j)] = [ 7 ,-] + [ 7 ] in H. We have, 


2 s 2 s 

=4 Ei- 1 )' 17 '’ Var ? *4" = 4 E ((-id 7 -’Vg - 


t=i 


1=1 


— V(-l) p(7 d ( - M 7 ,.,0) = — ... Var -1 0. 

2s Z-A 2 V 7,7 / 2 s d 7 "7W TliTT^ (j) 


1=1 


1=1 


All summands in the latter sum belong to ( , since 7 , 77 ^ ^ G 7 r for all /. Hence Var^ G 

7 □ 


Recall the notion of an iterated integral introduced by Parshin ra and Chen [7]. see 
also [ 8 ]. Let 07 ,... , 07 , be 1-forms on X, and let a: [0,1] G I be a path. Let //(t) dt be 
the pullback of ojj by the mapping a, j = 1,... ,k. By definition, the iterated integral of 
Ui,... ,u>k along a is given by 


Ui ■ ■ ■ u k 


J 'J /i(/i) ■ ■ ■ fkitk) dtx ■ ■ -dt k . 

0<ti<-<4<! 


A linear combination of iterated integrals 



(2.3) 


where u> n j G ^4 1 (j£), c n G C, can be considered as a function of a. This function is called 
homotopy invariant if its value does not change under homotopies of a preserving its end¬ 
points. (Notice that the requirement of homotopy invariance is rather restrictive and does 
not hold automatically.) The maximum of the numbers k n will be called the length of the 






linear combination of iterated integrals (12.31) . A homotopy invariant linear combination of 
iterated integrals determines a holomorphic function <f> £ O(X) by 


*(5(1)) = E 

n 



^n,k n 


(2.4) 


for all paths a in X starting at z*. It is a standard fact that the function $ has unipotent 
monodromy, see, for instance, [5]. In our notation, this assertion is formulated as follows. 


Proposition 2.5. Any function <h £ O(X) given by a homotopy invariant linear combination 
of iterated integrals of length k of 1-forms u) n> j holomorphic on X belongs to X®. 


Proof. One of the basic properties of iterated integrals is the following formula for the iterated 
integral along the concatenation of two paths, see [251 Prop. 2] and 0 Prop. 1.5.1]: 


UJ 1 ---UJ k = 


' (3a 


E 

1=0 


OJi ■ ■ ■ Ml 


Wl +1 • • -U>k 


where the integral of the empty cortege of 1 -forms is supposed to be equal to 1 , and it is 
assumed that the concatenation /3a is well defined, that is, the end of /? coincides with the 
origin of a. This formula easily implies that the variation of the function $ given by (12.41) 
along a loop 7 with endpoints at is given by 


kn / /* 

(Var 7 <3>)(a(l)) = ( 

n 1=1 


^n, 1 ' ' ' ^n.l 


^n,l +1 ’ ' ’ ^n,k r 


which is a homotopy invariant linear combination of iterated integrals along a of length not 
greater than k — 1. The proposition follows by induction on k. □ 


Similarly, any function <h given by a homotopy invariant linear combination of iterated 
integrals of length k of 1-forms c u n j holomorphic on X will belong to J- k . 


3. Totally real functions 

Throughout this paper, the words ‘a real (respectively, complex) affine algebraic variety’ 
always mean ‘a subset of R m (respectively, C m ) that can be given by polynomial equations’. 
In other words, we do not distinguish between affine varieties that coincide as subsets of R m 
(respectively, C m ) but correspond to different ideals in the polynomial ring. Besides, we 
do not require that affine varieties are irreducible unless this is specified explicitly. We say 
that an affine variety X C C m is a hypersurface if all irreducible components of X are 
(m — l)-dimensional. So we allow a hypersurface to be reducible. 

For an affine algebraic variety X C C m , we denote by X re9 the set of regular points of X, 
and we denote by X(M) the set of real points of X, i.e., the intersection X n W n . We also 
put w re »(M) = x re ° ni(i). 

An irreducible affine algebraic variety X C C m will be called essentially real if X is 
given by a system of polynomial equations with real coefficients, and X re 9 (M) 7 ^ 0. The 
latter condition is equivalent to the condition dirrij^ X (M) = clinic W. For instance, the circle 
z i + z 2 — 1 i R C 2 is essentially real, but the imaginary circle zf + z\ = —1 is not essentially 
real though is defined over reals. A reducible affine variety X C C m will be called essentially 
real if all its irreducible components are essentially real. 
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Now, let X C C m be an essentially real hypersurface, let Ah,..., X s be its irreducible 
components, and let U be a connected component of the set \ X(M). We consider the 
complex analytic manifold X = C m \ X, choose a base point for X such that 2 * G U, and 
apply to X all constructions in the previous section. 

Definition 3.1. A function <3> G O(X) will be called totally real on U if the values $(5) are 
real for all 5 G p - 1 (?7). 

Regarding $ as a multi-valued function on X, we may equivalently say that $ is totally 
real on U if all branches of <f> on U are real-valued. For instance, the function Arcsin 0 is 
totally real on (—1,1). On the other hand, the function Log 2 is not totally real on (0, + 00 ), 
though its principal branch is real-valued on this set. 

Similarly, a 1-form 9 G ^l 1 (X) is said to be totally real on U if 9(z, »)Gl for all 2 G X and 
all v G T~X such that p(z) G U and p*(v) G Obviously, a 1-form 9 = Yl'jLi^j ^ z j 

is totally real on U if and only if all functions 9j are totally real on U , where Z\,.. ., z m are 
the standard coordinates in C m . 

The following properties of totally real functions are straightforward: 

(1) The set of functions totally real on U is a subring of 0(X). 

(2) If <f> is a function totally real on I/, then the functions M 7 <I> are also totally real on U 
for all 7 G 7 T. 

(3) If $ is a function totally real on U, then the 1-form is also totally real on U. 

The converse of (3) is generally not true. For instance, the 1-form — is totally real on 
( 0 , + 00 ), but its integral 



is not totally real on (0, + 00 ). Nevertheless, there is a very important for us special case when 
the converse of (3) is true. To formulate this result, we need to introduce some notation. 

Suppose that we are given a decomposition X = Y U Z UW such that Y is an irreducible 
component of X, Z — Z\ U • • • U Z q and W = W\ U • • • U W r are unions of irreducible compo¬ 
nents of X , and all irreducible components Y, Z 1 ,..., Z q , W \,..., W r are pairwise distinct. 
Let f(z) = 0, ( 71 ( 2 ) = 0,..., g q (z) = 0, hi(z) = 0,..., h r (z) = 0 be irreducible polynomial 
equations with real coefficients giving the hypersurfaces Y , Z 1; ..., Z q , W t ,..., W r , respec¬ 
tively. We agree to choose the signs of the polynomials h 3 (z) so that h 3 {z) > 0 on U. (The 
signs of the polynomials f(z) and gj{z ) are unimportant.) To each point 2 G \ tF(M), 
we assign the vector k(z) = (fiq (z),, n r (z)) G such that Kj(z) = 0 if hj{z) > 0 and 
«b 0 ) = 1 if hj(z) < 0 . Then k 3 (z) is the modulo 2 linking number of the pair of points 
{2*, 2} and the hypersurface VFj(K) in M m . 

Lemma 3.2. Assume that the A-tuple (Y, Z,W,U) satisfies the conditions : 

(A) The boundary dU of the domain U contains a point that belongs to Y re9 (M) and does 
not belong to Z U W. 

(B) The vectors k{z), where z runs over all points of Y re 9 (M) that do not belong to ZUW, 
generate the whole group TI^. 

Let 9 G ^4 1 (X) be a 1-form such that 
(i) 9 is totally real on U. 
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(ii) 9 is closed. 

(iii) 6 belongs to T\ for some k. 

(iv) In a neighborhood of each point Zq G Y \ (Z U W) any branch of 6 has the form 


VTIO' 


( 3 . 1 ) 


where u is a 1-form holomorphic at zq. 

(v) In a neighborhood of each point Zo G Z'l 9 that does not belong to the union of all 
other irreducible components of X any branch of 6 has the form 


9 


icdgj(z) 

9j( z ) 


+ id, 


where c is a real constant, and u is a 1-form holomorphic at zq. 
Then the function 1(9) is totally real on U. 


(3.2) 


Remark 3.3. In conditions (iv) and (v) in this lemma, the 1-form 9 is regarded as a multi¬ 
valued analytic 1-form on X. 


Proof of Lemma\M The proof is by induction on k. The basis of induction for A: = —1 is 
obvious. Assume that the assertion of the lemma is true for 1 -forms in and prove it 

for a 1-form 9 G (Ff.. 

The group H = if 1 (X;Z 2 ) is generated by the homology classes of circuits around the 
irreducible components of X. Hence H is finite. Therefore, by Lemma 12.41 the 1-form 9 is 
the sum of the 1-forms 9 p given by (12.21) . and Varf) 9 p G J r l _ 1 for all 7 G it. Since 9 satisfies 
conditions (i), (ii), (iv), and (v), we easily see that the 1-forms 9 p also satisfy the same 
conditions (i), (ii), (iv), and (v). To prove that 1(9) is totally real on U it is sufficient to 
prove that 1(6 p ) are totally real on U for all p. Let us fix a p. If 9 p G then I(9 p ) is 

totally real on U by the inductive assumption. So we assume that 9 p ^ X x k _\. 

Our goal is to show that the function T = I (0 P ) is real on p _ 1 ([7). Since the 1 -form 
dT = 9 p is totally real on U, it is sufficient to prove that every connected component 
of p~ l (U) contains a point at which the value of T is real. Hence it is sufficient to prove that 
the values T(T 7 z*) are real for all 7 G n. Consider the mapping p,: n —> M given by 


^( 7 ) = Im T(T 7 z*) 



(The integral is independent of the path, since X is simply connected and 9 p is closed.) Then 
we need to show that 71(7) = 0 for all 7 G vr. 

Let Zo be a point in condition (A). Since £0 is a regular point of dU, we can choose a 
non-self-intersecting path a from z* to Zo that is contained in U, except for its endpoint ^o- 
Let 6 be a loop in X that starts at z*, goes along a to a point z close to zo, goes once 
around Y in the positive direction near Zq, and then returns to z* along ct -1 . Obviously, the 
homotopy class of 6 is independent of z and of the chosen circuit around Y provided that 
they are close enough to Zq- So the homotopy class 6 G ix is well defined. (Nevertheless, the 
homotopy class 6 may depend on the path ck, which is supposed to be fixed.) 
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Since any branch of 9 P near zq has form (13.1)) . we obtain that Ms9 p = — 6 p . If p(5) = 0, 
then we would have Var£ 9 p = —2 9 p , which would yield a contradiction, since Var^ 9 p G 
and 9 P ^ J-’l-v Therefore p(5) = 1. 

Lemma 3.4. p(5) = 0. 

Proof. Since any branch of 9 p near das form (13.11) . we have 

T s z* 

0 P = 

* 

which is real, since 9 p is totally real on U. Therefore p{8) =0. □ 

Lemma 3.5. For all 71,72 G 7 r, we have 

hi 7172) = MtO + (- 1 ) p(71 V( 72 )- 

Proof. We have, 



h(7i72) = Im 


6 P = A* (71) + Im 


0 P = 7i) + Im 


' T 7i 5* 


M 71 0 p 


= h(7i) + (-!) p( 71 V(72) + Im 


Var^ Qp. 


Properties (i), (ii), (iv), and (v) for the 1-form 9 p immediately imply the same properties 
for the 1-form Var^ 9 p . Besides, Var^ 9 p G J-jJ-i- Hence, by the inductive assumption, we 
conclude that the function I(Var^ 9 p ) is totally real on U. Therefore, the value 


Z(V< = 

is real, which implies the lemma. 


Var^ 9 p 


□ 


Lemma 3.6. The image of the mapping p is a finitely generated subgroup of R. 

Proof. Let A be the image of p. We need to show that, for any 07 , 02 G A, both «i + 02 and 
di — CZ 2 belong to A. If ai, 02 G A, then ai = p( 71 ), 02 = p( 72 ) for some 71,72 G vr. Hence the 
number p( 7172 ) — o.\ + (— 1 )pHi ) a2 belongs to A. On the other hand, we have constructed an 
element 5 G tt such that p(5) = 0 and p(5) = 1. Hence the number p[pp5^2) = op — (— l) p ^a 2 
also belongs to A. Therefore A is a subgroup of R. But the group n is finitely generated, 
since it is the fundamental group of the complement of a complex affine variety. Hence the 
group A is also finitely generated. □ 

Assume that A ^ 0. Any non-trivial finitely generated subgroup of R is a free Abelian 
group, hence, has an epimorphism onto Z 2 . Choose an arbitrary epimorphism w. A —» Z 2 , 
and consider the mapping 

V. 7T A A A- Z 2 . 

This mapping is surjective, since both p and w are surjective. Lemma [3.51 implies that v is 
a homomorphism, i. e., v G H* = Hom( 7 r, Z 2 ). 

Let 77 , 0, ■ ■ ■, Cg, ■ ■ ■, 6- 7 H = H i(j£; Z 2 ) be the the homology classes of small circuits 
around the irreducible components Y, Z,,..., Z q . W \...., W r of X, respectively. It is well 
known that these elements form a basis of H. For a point z G R m \ VF(R), we put £(z) = 
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Y^j =i K j( z )£j- Also, for any point z G R m \ AT(R), we denote by cr(z), Ti(z),... ,r q (z) the 
modulo 2 linking numbers of {z*, z} with H(R), zd(R),..., Z 9 (R), respectively, and we put 

q 

rj( z ) — ct(z)t), ((z) = ^2rj{z)Cj, x( z ) = v( z ) + C( z ) + £(*)■ 

j =i 

Lemma 3.7. We have (is, Q) = 0 for j = 1,..., q. 

Proof. Let Zq be a regular point of Z 3 that does not belong to the union of all other irreducible 
components of X. Consider a loop 7 in X that goes from z* to a point z G X close to z 0 
along some path a, travels along a small circuit P around Z 3 in the positive direction, and 
then returns to z* along a -1 . Then [7] = Q. By condition (v) for 9 p , any branch of 9 p is 
meromorphic at zq. Hence M 1 9 p = 9 P . Therefore, 

T(T 7 r) = [9 P = [ 9 P = -27rc, (3.3) 

J 7 Jp 

where f3 is the lift of P starting at the end of a, and c is the real constant in (13.211 for the 
branch of 9 p realized on f3. Consequently //(7) = 0, hence, (is, Q) =0. □ 

Lemma 3.8. Suppose that z G R m \ A’(R) and (p, x( z )) — 1- Then (is, x( z )) — 0. 

Proof. Choose an arbitrary path /? in R m with endpoints z* and 0 that intersects X (R) trans¬ 
versely in finitely many regular points of it. Near every intersection point of (3 and X(R), we 
replace a small segment of P with a small positive half-circuit around A" in C m , see Fig. [21 
The obtained path from z* to z in X will be denoted by Pi. Let 7 be the loop in X with 
endpoints at z* obtained by the concatenation of Pi and Pf 1 , where Pf 1 is the path obtained 
from Pi by the coordinatewise conjugation traversed in the opposite direction. It is easy to 
see that [ 7 ] = x( z ): since the incomes to [ 7 ] of intersection points of P with the components 
Y (R), Zi(M),..., Z g (R), hFi(M),..., W r (R) of AT(R) are equal to 77 , £i,..., ( q , £ 1 ,..., £ r , re¬ 
spectively. Obviously, the path 7 coordinatewise conjugate to 7 coincides with y -1 . Since 
the 1 -form 9 p is real on p~ l (U), we see that the integrals of 9 p along the lifts 7 and 7 of 7 
and 7 , respectively, starting at z* are conjugate to each other, i.e., 

rT^-iz* rT^z* rT-yz* 

/ e„= e f . (3.4) 

Jz* J z* J z* 

Hence /r(7 _1 ) = —71(7). On the other hand, by Lemma [3.51 we obtain that 

4(7-') = -(-1)*7(7) = -(-1)<“ W V(7) = 4(7). 

Therefore 7/(7) = 0. Thus (is,x( z )) = 0. □ 

Lemma 3.9. Suppose that z G F re9 (R) and z ^ Z U W. Then (is,£(z)) = 0. 

Proof. In a neighborhood of z, the subvariety Y (R) C R m is a smooth hypersurface. Choose 
two points z± G R m \ X(R) close to z and lying on the different sides of H(R). Then 
C(-±) = C( z ), €( z ±) = $( z ), and r/(z+) = p(zJ) +7. Hence x( z +) = x( z ~) + V- Since 
(p,rj) = p(S) = 1, we obtain that (p,x( z +)) = (p,x( z -)) + 1- Therefore, exactly one of the 
two values (p, x( z ±)) is equal to 1. We may assume that (p, y(^+)) = 1. Then, by Lemma 13.81 
(is,x(z+)) = 0. By Lemmas 13.41 and [3.71 we have (is,rj) = is(8) = 0 and (is, Q) = 0 for all j. 
Hence (i/,f(z)) = (^,£(2+)) =0. □ 
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components of X (M) 



FIGURE 2. The loop 7 in Lemma 13751 


By condition (B), the vectors £(z), where z runs over all points in Y re9 (R) that do not 
belong to Z U W, generate the subgroup of H spanned by £1 ,..., £ r . Hence, by Lemma [3.91 
we obtain that (v,£j) = 0 for j = 1 , ...,r. But, by Lemmas 13.41 and 13.71 (u,rj) = 0 and 
(v, (j) — 0 for j — 1,..., q. Therefore, v = 0, which is impossible since the homomorphism 
v\ Ti —y 7 j2 must be surjective. This contradiction proves that A = 0, i.e., /x(7) = 0 for all 
7 G Ti. Therefore X(9 p ) is totally real on U, which completes the proof of Lemma [3.21 □ 

In the sequel. Lemma 13.21 will be used in the inductive proof of Theorem 11.31 To prove 
Theorem 11.21 we shall need a slightly more complicated lemma. To formulate it, we need to 
introduce several concepts and some notation. We denote by U the connected component 
of p~ l (U) that contains the base point z*. Recall that each function T holomorphic on X 
can be considered as a multi-valued analytic function on X. Suppose that T has trivial 
variations along all loops 7 contained in U. Then, by definition, the principal branch of T 
on U is the branch realized on the connected component U of p~ l {U), i.e., the function 0 
on U such that ip(p(z)) = ^(5) for all z E U. The definition of the principal branch of a 1- 
form holomorphic on X with trivial variations along all loops 7 contained in U is completely 
similar. We shall say that a function T G O(X) satisfies zero boundary conditions on U if 
its principal branch ip(z) has zero limit as a point z approaches to any point Zq G dU from 
values in U. 


Lemma 3.10. Assume that the 4-tuple (Y, Z,W,U) satisfies conditions (A) and (B) in 
Lemma HTR Let 9 G ^l 1 (X) be a 1-form satisfying conditions (ii), (iii), and (iv) in Lemma UXR 
Suppose that the following conditions are satisfied instead of conditions (i) and (v): 

(i') The principal branch of 6 on U is well defined and real. In other words, Var 7 6 = 0 
for all loops 7 contained in U, and 9 is real on U. 

(i") The 1-forms = i(M 1 9 — (—l) lk Ad are totally real on U for all 7 G ti. 

(V) In a neighborhood of each point Zo G Zj that does not belong to the union of all other 
irreducible components of X, any branch of 9 has the form 


9 


cdgfiz) 

Sj( z ) 


+ u>, 


where c is a real constant and u is a 1-form holomorphic at zq. 
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(3.5) 

















Let T € 0(X) be a function such that d x I> = 9 , Var 7 T = 0 for all loops 7 contained in U, 
and T satisfies zero boundary conditions on U. Then the functions 

<f> 7 = i(M 7 T - (-l) lk(7 ’ y) ^) 

are totally real on U for all 7 £ n. 

Proof. Condition (V) for 9 immediately implies that all 1-forms </? 7 satisfy condition (v) in 
Lemma 13.21 All other conditions of Lemma 13.21 for tp 1 also follow from the corresponding 
conditions for 6. Hence, applying Lemma [3.21 to the 1-forms <^ 7 , we may conclude that all 
functions Tlyp-f) are totally real on U. Nevertheless, the functions <f> 7 , which we are interested 
in, do not coincide with the functions Z(<y3 7 ) but differ from them by constants. Namely, 

$ 7 (5) = Z(p 7 )(z) + 

Therefore, we still need to prove that the values <L 7 (id) are real for all 7 £ n. This proof 
follows the same line as the proof of Lemma 13.21 though differs in many details. To stress 
the similarity with the proof of Lemma 13.21 we shall use the same notation for the objects 
that play similar roles in these two proofs. 

Consider the homomorphism p £ Hom(7r, Z 2 ) = H* given by 

p(y) = lk(7, Y) mod 2. 

Then (p 1 = i Var p 6 and <f> 7 = i Var p T. Let S be the same loop as in the proof of Lemma [3.21 
Then lk(<5, Y) = 1, hence, p(S ) = 1. As in the proof of Lemma 13.21 condition (iv) implies 
that M$9 = —9. 

Consider the mapping p.: n —> R given by 

/i( 7 ) = Im$ 7 (r) = ReT(T 7 r) - (-l)^Re^(F). 

Our aim is to prove that p{p/) = 0 for all 7. 

Lemma 3.11. p{5) = 0. 

Proof. Let a : [0,1] — > C m be the path from z* to a point zq £ dU that was used in the 
construction of the loop 6, see the proof of Lemma 13.21 Since a is contained in U except 
for its endpoint Zq, the zero boundary conditions for T on U imply that linp^i T(ct!(f)) = 0. 
But dT = 9. Hence, 


Therefore, 


*cn = - fj, 

J a 

T(T 5 r) = - f J = - [ M 5 9= [j. 

JT^ol J a. J a. 

$ 5 (r) = + T(r)) = 0. 


Thus, p(5) = 0. 

Lemma 3.12. For all 71,72 € 7 r, we have 

M7172) = h( 7 i) + (—l) p( 7 l) /i( 7 2 ). 
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□ 

(3.6) 











Proof. As it was shown above, the functions X(<p 7 ) are totally real on U for all 7 G vr. In 
particular, the value X(<p 7l )(T 72 i:*) is real. We have 

x(^ 7 i )(x 72 r) = $ 71 (x 72 r) - $ 71 (r) = 

= i(^(x 7172 r) - (-1 )^)^(t 72 f) - <h(r 71 r) + (-1)^^*)). 

Equating the imaginary part of this number with zero, we obtain exactly equality (13.61) . □ 

In the same way as Lemmas 13.41 and 13.51 implied Lemma 13.61 Lemmas 13.111 and 13.121 imply 
that the image of p is a finitely generated subgroup 4cl. Assume that 4^0, choose an 
arbitrary epimorphism w. A —f and consider the surjective mapping 

v\ n A A Z 2 . 

It follows from Lemma [3.121 that v is a homomorphism, i. e., v G H*. 

Lemma 3.13. We have (zy Q) = 0 for j — 1,..., q. 

Proof. In the proof of Lemma [3.71 we deduced equality (13.31) from condition (v). In the same 
way condition (V) implies the equality 

T(T 7 if) — T(X*) = 27uc, 

where the loop 7 passing around Zj is the same as in the proof of Lemma [3771 Since p(7) = 0, 
it follows that /i(7) = 0, hence, (zy Q) = 0. □ 

Lemma 3.14. Suppose that z G R m \ X(R) and (p, x{ z )) — 0- Then (zy x{ z )) — 0. 

Proof. Construct a loop 7 in the same way as in the proof of Lemma 13.81 Recall that 
[7] = x( z ) and 7 -1 = 7. Since p(7) = 0, we have 

/z(7) = Re T(T 7 F) - Re 'L(F) = Re f 6. 

J 7 

Similarly, 

X(7 _1 ) = Mt) = Re [j- 

J'y 

Since the 1-form 6 is real on U, we see that the integrals of 9 along the lifts 7 and 7 of 7 
and 7, respectively, starting at z* are conjugate to each other. Hence, /i(7 _1 ) = ^(7)- On 
the other hand, it follows from Lemma 13.121 that /z(7" 1 ) = Therefore, /x(7) = 0. 

Thus, (u, x( z )) — 0- □ 

Lemma 3.15. Suppose that z G Y re9 (R) and z Z U W. Then (v,£(z)) = 0 . 

Proof. As in the proof of Lemma 13.91 take two points z± G M m \ X (M) close to z and lying 
on the different sides of E(M). Then (p,\{z+)) = (p,x( z -)) + 1- Therefore, exactly one 
of the two values (p,x( z ±)) is equal to 0. We may assume that (p,x( z -)) = 0. Then, by 
Lemma [3.141 (u,x( z -)) = 0. By Lemmas 13.111 and 13.131 we have (u, rj) = 0 and (zy Q) = 0 
for all j. Hence (v,£(z)) = (zy £(z_)) = 0. □ 

As in the proof of Lemma [3.21 Lemmas 13. 11 1 13T31 and 13.151 and condition (B) imply that 
v — 0, which is impossible, since the homomorphism v. n —» Z 2 must be surjective. This 
contradiction yields that A = 0 , i.e., p(x) = 0 for all 7 G 7r, which completes the proof of 
Lemma 13.101 □ 
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4. The analytic continuation of volume 

As in the Introduction, consider the affine space Q< n ) (C) = C n( - n+1 ' ) / 2 of symmetric complex 
matrices of size (n + 1) x (n + 1) with units on the diagonal, the affine hypersurface X C 
Q(n) (C) consisting of all matrices C such that at least one of the principal minors of C 
vanishes, and the domains and C\n in C Gr n )(C) consisting of the Gram matrices 

of vertices of all non-degenerate simplices in § n C M n+1 and of all non-degenerate bounded 
simplices in A n C M 1,n , respectively. 

Let X n be either § n or A n . We consider the complex analytic manifold X = £/( n )(C) \ X, 
and take for the base point C* G X the point corresponding to the regular simplex in X™ 
with edge 1; then C* E Cx n ■ We shall use all notation introduced in Section [21 However, the 
base points for X and X will be denoted by C* and C* rather than by 5* and z*, respectively. 

We introduce the parameter £ that is equal to 1 for X n = § n and to —1 for X n = A n . 

Remark 4.1. The base points C* in the cases X n = § n and X n = A n are different from each 
other. Hence, the universal coverings X of X in these two cases are isomorphic to each other, 
but the isomorphism is not canonical. The same is true for X. We shall always remember 
that X and X depend on X n , but we shall not indicate this explicitly in notation. 

Let p be a function holomorphic at C*. Assume that p admits the analytic continuation 
along every path in X. Then the analytic continuation of p is a well-defined holomorphic 
function on X, which we shall denote by p. More precisely, we put p(C) = p{jp{C )) for C 
close to C*, and then continue analytically the function p(C). Obviously, if p is holomorphic 
on the whole manifold X, then p is just the pullback of p by p, i.e., p(C) = p(p(C)) for 
all C E X. 

As in the Introduction, we consider the function V%p (C) computing the volume of a simplex 
in X n from the cosines (if X n = 8 n ) or the hyperbolic cosines (if X n = A n ) of its edge lengths. 
This function is defined and real analytic on the domain Cx«. Aomoto (5] proved that the 
function Vx» admits the analytic continuation to the multi-valued analytic function on X, 
and the monodromy of this function on X is unipotent. In our terminology, his result is as 
follows. 

Proposition 4.2. The analytic continuation of Vx™ is a well-defined holomorphic function 
Vxn G 0(X). Besides, dVx^ G and Vx« G 

Aomoto proved this result in the following way. He used Schlaffi’s formula to write the 
function Vx« as a homotopy invariant linear combination of iterated integrals of 1-forms 
holomorphic on X, and then concluded that the monodromy of this function on X is unipotent 
(see Proposition 12.51) . Though the formula for the volume via iterated integrals is interesting 
in itself, the usage of iterated integrals for the proof of Proposition 14.21 is superfluous. Indeed, 
Proposition 14.21 can be deduced directly from Schlaffi’s formula and the basic properties of 
unipotent hltrations listed in Lemma 12.11 We shall give this simplified version of Aomoto’s 
proof of Proposition 14.21 below, since the details of this proof will be useful in our further 
study of the function Vx^- 

Now, let us introduce some notation. For any subsets /, J C {0,..., n} such that |/| = | Jj, 
we denote by Dj j(C) the minor of a matrix C G £/( n )(C) formed by rows with numbers in / 
and columns with numbers in J. The principal minor Djj(C) will be denoted by Dj{C). 
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The submatrix of C formed by rows and columns with numbers in / will be denoted by Cj] 
then Dj(C) = detC/. The determinant of the matrix C will be denoted by D(C), i. e., 
D(C ) = -D{o,...,n}(C). It is well known that the polynomials Di(C) are irreducible whenever 
\I\ > 3, and D {j)k} (C) = (1 + c jk )( 1 - c jk ). We put D^ j k} (C) = 1 ± c jk . 

For each subset / C {0,..., n}, |/| > 2, we denote by "H; the affine hypersurface in G( n )( C) 
given by the equation Dj(C) = 0, and we put H = 'H{o,...,n}- If |i"| = 2, we denote by 
Hf the hypersurfaces (hyperplanes) given by Df(C) = 0. Then X is the union of all 
hypersurfaces "H/, / C {0, |/| > 2. The irreducible components of X are all l~Lj 

such that |/| > 3 and all 'Hf and Hj such that |/| = 2. (Obviously, no two of these 
components coincide to each other.) Thus the number of irreducible components of X is 
s = 2 n+1 + _ 2. 

It is a standard fact that the set consists of all positive definite matrices in C?( n )(M), 
and the set C\n consists of all matrices C G £/( n )(R) such that (—1 )^Di(C) < 0 for all / 
and Cj k > 1 for all j and k. The latter condition can be rewritten in the form Df (C) > 0 
and Dj(C) < 0 for all / such that |/| = 2. It follows that both and C\n are connected 
components of Cq n )(M) \ A"(R). (The sets C§n and C\n are connected, since the spaces of 
non-degenerate simplices in § n and in A n , respectively, are connected.) 

Below we shall often use induction on the dimension n. Hence we shall introduce an 
additional index (n) indicating the dimension of the space X n to which an object is related, 
for instance, we shall write X( n ), £( n ), Jq? (n ^, etc. Nevertheless, to simplify the notation, we 
shall omit this index whenever it is clear. 

Let / C {0,... ,n} be a subset of cardinality m + 1. We denote by pr 7 the projection 
G( n )( C) ->• G( m )( C) given by C K C/. Obviously, pr 7 (X (n) ) = X (m) , prj(C X n) = C x ™, and 
pr J (C^) = C* m y The projection pr 7 : X( n ) —> X( m ) is covered by the well-defined mappings 

pi7: ^(n) -t X (m) and pr 7 : X (n) ->• X (m) such that prj(C ( * n) ) = C* m) and prj(C* n) ) = C* m) . 
Consider the pullback homomorphism 


pr/: A q (X( m )) ->■ A q (X( n )). 

It follows immediately from the definition of that pr^ (j 7 )) (rn ^ C Jq? (n) for all k and q. 

Now, suppose that C G C X n, and let A n be a simplex in X n corresponding to C. For each 
subset / C {0,... ,n}, we denote by A j the face of A n spanned by vertices with numbers 
in I. If \I\ — n — 1, we denote by ay = a/(C) the dihedral angle of the simplex A n at the 
(n— 2)-dimensional face A/. Consider the standard vector model of X n in Y, where V = R n+1 
if X n = § n and V = M 1,n if X n = A". Let v 0 ,..., v n G ¥ be the vectors representing the 
vertices of A n , and let v°,...,v n be the basis of V dual to the basis v 0 ,...,v n . Then 
v°,..., v n are interior normal vectors to the (n — l)-dimensional faces of A n if X n = S n and 
exterior normal vectors to the the (n — l)-dimensional faces of A” if X n = A n . Hence 


cos a/(C) = 


£<V q ,V k ) 


x/(vG vJ)(v k , v k ) 

Since the Gram matrix of the vectors v°,..., v n is C" 1 and e n D(C) > 0, we obtain that 


cos aj(C) 


y/D I '(C)D I ',(C) ’ 


sinQ;/(C , ) 


D{C)D!{C) 
D I '(C)D I »{C) ’ 


(4.1) 
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where I' and I" are the two n-element subsets of (0, ...,n} containing / (cf. [5l (3.10)]). 
The second formula is obtained from the first one using Jacobi’s identity 


n 2 
u I 


DDi = DpDp 
Differentiating the hrst of formulae (14. D . we easily get 

, e 71 - 1 fD ri "d(DpD in ) 

dot i = — 7 -—- 

yf.DDf V 2 Dp Dp, 

For C G Cx«, we have e^ +1 Dj(C) > 0, and we put 


- dD 


i'i" 


(4.2) 


(4.3) 


Ri(C) = y/eW+WjiC), 


where the positive value of the square root is chosen. In particular, we put R[C ) = y/e n D{C). 
By Schlafli’s formula (11.111 for A n , the following equality holds on Cx^: 

■(C) = ;At Y, V,(C)d ai (C), (4.4) 


dVx 


n 


/C{0,...,n}, \I\=n— 1 

where Vi(C ) = is the (n — 2)-dimensional volume of the face A j. 

Proof of Proposition^^ The proof is by induction on n with step 2. It is convenient to 
start the induction from the cases n = 0 and n — 1 . 

For n = 0, we shall use the convention that X is a point and Vxo = 1. Then X = X = X 
and J-q 1 = 0(X) = C. So the assertion of the proposition is trivial. 

For n — 1, we have only one variable coi and j£ = C\ { —1,1}. Then 

Vsi(coi) = arccoscoi, I4i(c 0 i) = arcoshc 0 i, (4.5) 

“ £ dCm =. (4.6) 




-01^ 


The analytic continuation of dV \i becomes single-valued on the two-sheeted branched cov¬ 
ering of C with ramification at ±1, hence, a fortiori, it becomes single-valued on the four- 
sheeted covering X of X. Therefore, dV %i belongs to Rq = p*A 1 (X). It follows from asser¬ 
tion (4) of Lemma [2. II that Vxi G J 7 }. 

Now, let us prove the induction step. Assume that the proposition is proved for n — 2 
and prove it for n. The proof will be based on Schlafli’s formula (14.41) . Notice that our 
convention Vxo = 1 makes this formula true for n — 2, too. Indeed, in this case it takes the 
form dV %2 = e(da{o} + daqi} + daq 2 }), which is true, since 

Vxs = e(«{o} + «{i} + «{ 2 } - 7r). (4.7) 

Obviously, the analytic continuations Rj G 0{X) of the functions Rj are well dehned. 
Moreover, the analytic continuations of all Ri become single-valued not only on X but also 
on X. Therefore, all functions Rj belong to the subspace p*0(X ) C 0(X). Now, formula (14. 3 1) 
implies that the functions ay admit the analytic continuations 5/ G O(X) such that the 1- 
forms 

-n 1 f £)j, p, d(DpDpi) 


da i = 


RRr 


2D p Dpi 
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-dD 


I',I" 


(4.8) 


















belong to the subspace J-’q = p*A 1 (X) C A 1 (X). (Notice, however, that the functions ai 
themselves do not belong to p*0{X).) 

By the inductive assumption, the analytic continuation Vxn-2 G 0(X( n _2)) of the func¬ 
tion 1x^-2 is well defined. Then it follows from (14.41) that the 1-form dV%n can be continued 
analytically to the closed 1-form dVx« G A l {X( n )) given by 

dVxn = ——- 'V] prj(i4«- 2 ) d5/. (4.9) 

n — 1 

/C{0,...,n}, \I\=n —1 

The required function Vx^ G 0(X) is given by 

_ _ F rC 

VjAC) = V* n +-- / V prK^xn-2) da T , (4.10) 

Ti — 1 I /^* 

°(™) /C{0,...,n}, \I\=n— 1 

where = Vx« (C* n )) is Hie volume of the regular simplex in X n with edge 1. Since X is 
simply connected, the integral in the right-hand side of (14.101) is independent of the path. 
Besides, we see that Vx"(C) = Vxn(p(C)) in a neighborhood of C* n y 

By the inductive assumption, we have Vx^-2 G ( n _ 2 )- Hence we have pr/(Vxn- 2 ) G 

^ r pi_i ( n ) for all / such that |/| = n — 1. But daj G ^o(Xr Therefore, assertion (2) 
of Lemma 12.11 implies that pr^Vx"- 2 ) day G ^y Consequently, by (14.101) . dV&n G 

J r pi_ 1 ( n y Thus, by assertion (4) of Lemma 12.1[ Vx" G (n y □ 

To prove Theorems 1 1 .31 and II .21 we would like to apply Lemmas 13.21 and 13.101 respectively, 
to the 1-form dVxn. So we need to decompose X into the union Y U Z U W. We put, 

Y = n, z=\Jn I , w= U Ul 

|J|=n 2<|/|<n 

Below in this section and in the next section we always assume that n > 2; then Y is 
irreducible. In the next section we shall check that X is essentially real and that the 4-tuples 
(Y, Z, W, C§n) and (Y, Z, W, C\n) satisfy conditions (A) and (B) in Lemma [3721 Obviously, 
the 1-form dV%™ is closed, i.e., satisfies condition (ii) in Lemma [3.21 By Proposition 14.21 the 
1-form dVxn satisfies condition (iii). 

Lemma 4.3. The 1-form dV%r- satisfies condition (iv) in Lemma \S.21 

Proof. Since Y — PL, we obtain that the irreducible equation giving Y is D(C ) = 0. Let C° be 
a point in Y that does not belong to ZUW. Then formula (14.81) immediately yields that, in a 
neighborhood of C°, any branch of every day has the form c uj/y/D(C), where ay is a 1-from 
holomorphic at C°. But all branches of all multi-valued functions pr) Vxn-2 (C) = Vx ^-2 (Cy) 
have no singularities off W. Hence condition (iv) for the 1-form dV^n follows from (14.91) . □ 

To apply Lemma 13.21 (respectively, Lemma I3.10p we still need to check conditions (i) 
and (v) (respectively, conditions (i 7 ), (i"), and (v 7 )). Further, we shall check that dVx™ 
satisfies conditions (i) and (v) if X n is either or A 2m , and satisfies conditions (i 7 ), (i 77 ), 
and (v 7 ) if X n = A 2m+1 using Theorems II Bl and II ,2l for X n “ 2 , respectively. Then Theorems ll.31 
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and 11.21 for X" will follow from Lemmas 13.21 and 13.101 respectively. Such inductive proofs of 
Theorems 11.31 and 11.21 will be given in Section [6] after we check conditions (A) and (B). 


5. Conditions (A) and (B) 

In this section we always assume that n > 2. 

Lemma 5.1. The hypersurface X C £/( n )(C) is essentially real. 

Proof. Irreducible components of X are given by the polynomial equations Dj(C) = 0 and 
Df(C) = 0 with real coefficients. Moreover, each of the polynomials Dj(C ) and Df(C) takes 
on both positive and negative values. Therefore each of the irreducible components 

of A"(M) separates U( n )(M), hence, contains regular points. □ 

Lemma 5.2. The 4-tuples (Y, X, W,C§n) and (Y 1 Z,W 1 C\n) satisfy condition (A) in 
Lemma \3.2[ 


Proof. Take n + 1 points Vq, ... , v n in X n such that they lie in an (n — 1)-dimensional plane, 
but any n of them do not lie in an (n — 2)-dimensional plane. Then the simplex with vertices 
Vo, ... ,v n is degenerate but all its proper faces are non-degenerate. Let C° = (c° fc ) be the 
matrix of the cosines (if X n = § n ) or hyperbolic cosines (if X” = A n ) of the pairwise distances 
between the points uo ; • • • ,v n . Then D(C°) = 0 and Dj(C°) ^ 0 for all / such that |/| < n. 
Hence C° G Y (M) and C° Z U W. Besides, using Jacobi’s identity (14.2p . we see that 


dD 


dc { 


01 


= -2D 


c° 


{0,2,...,n},{l,2,..,n}(C°) = ±2 yj £>{0,2,...,™} (C°) D {1}2} ..., n } (C°) ± 0. 


Therefore C° is a regular point of Y. Finally, since the points vo,...,v n can be shifted 
arbitrarily small so that the simplex with vertices at them will become non-degenerate, we 
see that C° G <9Cx™- □ 


If n — 2, then condition (B) is satisfied, since W = 0. So we assume that n > 3. To 
prove that the 4-tuples (Y, Z,W,C§n) and (Y, Z,W,C\n) satisfy condition (B), we need the 
following auxiliary lemma. Let W\, ..., IF r be the irreducible components of W listed in an 
arbitrary order. It is easy to compute that 


r = 2 n+1 + 


n 2 — 3n 


2 


-4. 


Lemma 5.3. For every A = 1,... ,r, there exists a matrix C x G £/(.„)(K) such that the smooth 
hypersurfaces Y re9 (M) and HA( e9 (K) intersect transversely at C x , and C x does not lie in the 
union of Z and all components W fJ such that g ^ A. 


Proof. The irreducible component W\ is either TLj, where 3 < |/| < n, or TUf, where |/| = 2 
and cr G {+, —}. Without loss of generality, we may assume that / = {0,..., k — 1}, where 
2 < k < n. If |/| > 3, we choose a sign a arbitrarily. Consider the matrix C x = {c x f) G 
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£/( n )(M) such that 


c o j ~ c j o ~ a 


\Jk — 1 


, 1 < j < k — 1, 


Co,- = <4 = 2) k<j<n- 1, 


C ln ~ C nl ~ I 1 


4(fc — l)(n — fc) 


- 1/2 


and all other non-diagonal entries of C yA are equal to 0. We denote the set {k...., n — 1} 
by K. A direct computation shows that the principal minors of C x are as follows: 


W \ J\ + ^|J \ A 

4 (k — l)(n — k) — 1 


if 0,1, n G J, 


Dj(<? A ) = < 


1 - 


Un/I 


fc- l 


4(/c — l)(n — A;) — 1 


— 4|Jfl/l| if 0 G J and {1, n} ^ J, 

if 0 ^ J and 1, n G J, 
if 0 ^ J and {l,n} <f_ J. 


Hence D(C x ^j = _D/(C A ) = 0 and all other principal minors of C x are non-zero. Besides, if 
|/| = 2, then Df(C x ^ = 0 and Dj a (C A ) ^ 0. Therefore C x G Y(M) D WA(M) and C x does 
not lie in any other irreducible components of X. Further, we have 


dDj 


da 


01 


dD 


= a 


c x Vk — 1 


dc. 


Ok 


16 


C X 4(/c - l)(n - k) - 1 


Since Dj(C) is independent of Coa,, we see that the gradients of the polynomials Dj and D 
at C x are linearly independent. Therefore C x is a regular point of both hypersurfaces Y 
and W\, and these hypersurfaces intersect transversely at C x . □ 


Lemma 5.4. The A-tuples (Y, Z,W,C§n) and (Y, Z, W, Ca«) satisfy condition (B) in 
Lemma \3.A 


Proof. Let ai,...,a r be the standard basis of the group Z£. Note that the functions 
k : \ W — » 7U 2 corresponding to the 4-tuples (Y, Z, W, C§n) and (Y, Z, W, C\n) are 

different from each other, since the signs of the equations h\(C ) = 0 giving the hyper¬ 
surfaces W\ are chosen in the different ways. Nevertheless, both cases are treated in the 
same way. So let X n be either A” or S n , and let k be the function corresponding to the 
4-tuple (Y, Z, W, Cx«). Denote by /C the subgroup of generated by all k(C) such that 
C G Y re9 (M) \{Z U W). Our goal is to prove that K. = 

For every A = 1,..., r, let C A be the matrix in Lemma [5731 Then Y re9 (M) and bF[ e9 (M) 
intersect transversely at C A , and no other irreducible component of X contains C x . Let C A 
and Cf be two points in Y re9 (R) close to C x and lying on the different sides of IY\(M). Then 
ka(C a ) = K\(Cff) + 1 and K tl (C x ) = for all /i A. Hence k(C a ) = k(C a ) + a\. 

Therefore a\ G /C. Since this holds true for all A, we see that /C = Z£. □ 
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6. Proofs of Theorems 11.21 and [1731 


We shall prove Theorems 11.21 and 11.31 by induction on the dimension n. In both cases 
the induction will be with step 2, that is, we shall deduce the assertion of Theorem 11.21 
(respectively, Theorem 11.31) for n from the assertion of this theorem for n — 2. So we need 
to start by proving the basis of induction for n = 1 and n = 2. 

Basis of induction: n = 1. In this case we have only one variable c = Coi- The volume 
of a one-dimensional simplex is just the length of the segment, hence, Vai = Arcosh(c) and 
Vgi = Arccos(c). We have, Ca 1 = (1, Too) and C§i = (—1,1). The assertion of Theorem 11.31 
holds true, since all branches of the multi-valued function Arccos(c) are real on (—1,1). 
The assertion of Theorem 11.21 holds true, since every branch of the multi-valued function 
Arcosh(c) on (1, +oo) has the form ±arcoshc + 27rz/c, k G Z, and the sign ± is given by the 
evenness of the linking number of the loop along which the analytic continuation was taken 
with the pair of points TL = { — 1,1}. 

Basis of induction: n = 2. Combining (14. ip and (14.71) . we obtain that 


Vx 2 (C) = £ arccos 


e(ci 2 — C01C02) 


\/(l c oi)(l 



£ arccos 


£(C 02 — C01C12) 
\/(l — c oi)(l — c h) 


+ £ arccos 


e(coi — C 02 C 12 ) 
\/(l — C 02)(l — ^ 12 ) 


— £7 r. 


The arguments of the arccosines in the right-hand side of this formula belong to (—1,1) 
whenever C E Cx 2 > since they are the cosines of the angles of a triangle. After the analytic 
continuation along a loop, the square roots in the denominators may change their signs. 
Nevertheless, the arguments of the arccosines will still belong to (—1,1). Since any branch 
of the arccosine takes real values on (—1,1), we obtain that the multi-valued functions V§ 2 (C) 
and Va. 2(C) are totally real on the sets C§2 and respectively. 

Induction step for Theorem 1 1 .-'A Assume that X n is either a sphere or an even-dimensional 
Lobachevsky space, and n > 3. Assume that the assertion of Theorem 11.31 holds true for 
X n “ 2 . Let us prove the assertion of Theorem 11.31 for XT 

We would like to apply Lemma 13.21 to the 1-form dVx^. This 1-form is closed, that is, 
satisfy condition (ii). Proposition l4.2l and Lemma l4~3l imply that dV\n satisfies conditions (iii) 
and (iv). In Section [5] we have proved that X is essentially real and the 4-tuple (Y , Z , W, Cx«) 
satisfies conditions (A) and (B). By the inductive assumption, any branch of the function 
Vx«- 2 is real on Cx™- 2 - Hence any branch of any of the functions Vj = pfj(Vx™-2), where 
|/| = n — 1, is real on Cx n - On the other hand, formula (jT8j) implies that both branches 
of da 1 on Cx™ are rea b Therefore, by (14.91) . the 1-form dVx^ is totally real on Cx^, that is, 
satisfies condition (i). 

If ip is a function holomorphic at C* and /3 is a path starting at C* such that p admits 
the analytic continuation along /?, then we denote by the holomorphic function in a 
neighborhood of the end of (3 obtained by this analytic continuation. 

Now, let us prove that the 1-form dVx^ satisfies condition (v). We need to study the 
behavior of the multi-valued 1-form dVxn in a neighborhood of a point C° such that C° is 
a regular point of Tij for some subset J C {0,... ,n}, \J\ = n, and C° does not lie in the 
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union of all other hypersurfaces Rk, K 7^ J. Without loss of generality, we may assume that 
J = {0 ,... ,n — 1}. Let f3 be a path from C* to C° lying in X except for its endpoint C°. 
Since C° ^ W, the functions Vp' 1 are holomorphic at C° for all / such that |/| = n — 1. 
Further, formula (j4.8j) implies that, if I (jL J, then the 1-form dap is holomorphic at C°, 
and if / C J, then the 1-form daP is meromorphic at C°, and 


(/3) _ £ n ' Lbupi}, j dDj 

1 2 R^)RP D 


( 6 . 1 ) 


where r]j t p is a 1-form holomorphic at C°. The coefficient at dDj/Dj in (16.11) is holomorphic 
at C°. Hence it follows from (14. 9 1) that the 1-form dpp is meromorphic at C °, and 


dV^r) = Q P 


djh 

Dr 


+ VP, 


where Qp and r]p are a function and a 1-form holomorphic at C°, respectively, and 


Qfs(c°) = 


~n—l 


D 


/U{n} 


Ac 0 ) 


rcP.n-1 ®'(C")«r(C") 


■V^iC 0 ). 


( 6 . 2 ) 


(6.3) 


Since Dj(C °) = 0, Jacobi’s identity (IJ.2D implies that 

DlU{n}AC°) ± _. 

R(P\C°)rP(C°) 

for all I C J such that \I\ = n — 1. Hence, 

«s(C°) = ^ E ±V, W (C°) (6.4) 

ICJ,\I\=n-l 


for an appropriate choice of signs ±. 

Since the 1-form dVp!) is closed, we obtain that the function Qp(C ) is constant on Rj in 
a neighborhood of C°. Hence 

Qp(C) = Qp(C°) + Dj(C)F„(C), 

where the function Fp is holomorphic at C°. Hence formula (16.21) can be rewritten in the 
form 

dVff =Qp(C°)-^p + cop, (6.5) 

where c op is a 1-form holomorphic at C°. 

Our aim is to prove that the number Qp(C°) is purely imaginary for any C° and any /3. The 
integral of the 1-form dVp!) along a small circuit around Rj is equal to 2tt iQp(C°). Hence 
the number Qp(C°) does not change under continuous deformations of the pair ( C°,/3) such 
that C° remains a regular point of Rj lying on none of Rk, K ^ J , and /3 remains a 
path that leads to C° and is contained in X, except for its endpoint. Since n > 3, the 
hypersurface Rj is irreducible. Hence the set R'f 9 \ \J k ^jRk is connected. Besides, if 
the point C° moves continuously in this set, we can always change continuously the path /? 
leading to C°. Therefore it is sufficient to prove that Qp(C° ) is purely imaginary for some 
particular point C° and for all paths f3 leading to it. We choose the point C° in the following 
way. Consider a regular (n — 2)-dimensional simplex [u\ ... w n _i] with edge 1 in X n ” 2 . Let u 0 
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be the centre of this simplex. Let C_ be the Gram matrix of the points uq, ... ,u n ~i (in the 
standard vector model of X n ~ 2 ). Then C_ G dC%n- 1 0 R” n a _ ,^, and all principal minors of C_ are 
non-zero, see the proof of Lemma [5.21 Let L be the space of all matrices C G whose 

upper-left submatrix Cj of size n x n coincides with C_. Then L C Rj e9 (M). The matrix 
entries Co n , C \ n ,..., c n _ 1)Tl can be taken for coordinates on L. For each K such that n G K , 
the principal minor D^iC) restricted to L is a polynomial -Pft'(con) ■ ■ • > c n-i,n)- Since all 
proper principal minors of C_ are non-zero, we easily see that none of these polynomials Pk is 
identically zero. Hence there exist real numbers c[j n ,..., c°_ : n such that P/(c[j n ,..., c°_ x n ) ^ 
0 for all K such that n G K. Then all proper principal minors of the obtained matrix C° 
are non-zero. Therefore, C° G FCJ 9 {R) \ {Jk^jRk- 

Now, let us show that Qp(C°) G iM. for any path (3 from C* to C° that is contained in X 
except for its endpoint C°. For each subset / C J such that |/| — n — 1, the matrix Cj 
is the Gram matrix of vertices of a non-degenerate simplex, hence, Cj G Cx«-2. Then the 
assertion of Theorem 11.31 for X n_2 yields that Vj B) (C'°) G M. Now, it follows from (16.41) that 
Qy(C°) G iR. 

Thus, we have proved that the 1-form dV^n satishes all conditions of Lemma 1X21 Therefore, 
the function X(dVx^) = is totally real on Cx«. (Recall that = Vx"(G*).) Since 

V£ n G IR; we conclude that the function Vx^ is totally real on Cx«, which completes the proof 
of Theorem 11.31 

Induction step for Theorem 1 1.21 Assume that n odd and n > 3. Assume that the assertion 
of Theorem 11.21 holds true for A n_2 , and prove the assertion of Theorem 11.21 for A n . The 
assertion of Theorem 11.21 can be reformulated as follows: 

For any element 7 G n = 717 (3£, C*), the function 

% = i - (-l) lk(7 ’ w) H A ^ (6.6) 

is totally real on C A « • 

We would like to apply Lemma r3.10l to the 1-form dV\n. Conditions (A) and (B) have been 
checked in Section 0 condition (ii) is obvious, and conditions (iii) and (iv) are satisfied by 
Proposition 14.21 and Lemma 14.31 respectively. The principal branch dV\n of the 1-form dV\n 
is well defined and real on U, hence, condition (i') is also satisfied. 

Condition (i") for dV\n says that all 1-forms dW 7 are totally real on C A ™. Let us prove this 
assertion. Obviously, M 7 P = (—l) lk (7/H)^> and M^Rj = (—1 ) lk ^’ n dRj. By (14.8ft . we obtain 
that 

M 7 d5y = (-1) lk (7, W)+lk(7,%) dd !. (6.7) 

The linking number of the loop 7 and the hypersurface Rj = Rp( n ) hi £7( n )(C) is equal to 
the linking number of the loop prj(y) and the hypersurface 77( n _2) hi Q( n _ 2 )( C). Hence, 
combining (I4.9|) . (I6.6[) . and (16.7|) . we obtain that 

_ ( _1 '|lk(7,7^)+l . _ . 

dW lXn) = h__ - Y, (-l) lk(7 ’ %) PH [W pil{7 ), (n - 2) J da Un) . (6.8) 

/C{0,...,n}, 

| /1 =rt 1 

By the inductive assumption, the functions H / pr/ ( 7 ) ) ( n _2) are totally real on C\n- 2. Hence the 
functions pr^ (H / pr/ ( 7 ) ; ( ri _2)) are totally real on C A n. On the other hand, it follows from (14. 8 p 
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that the 1-forms da,i^ n \ are totally real on C\-n. Therefore, by (16.81) . the 1-form dW~ft n ) is 
totally real on C\n. 

Let us prove that the 1-form dV\n satisfies condition (v'). As in the proof of Theorem 11.31 
let C° be a regular point of T~Lj, where \J\ = n, such that C° does not belong to the union 
of all other hypersurfaces Hk, and let (3 be a path from C* to C° that is contained in X, 
except for its endpoint C°. Again, we may assume that J = {0,... ,n — 1}. Formulae (I6.4[) 
and (16.51) are obtained literally in the same way as in the proof of Theorem 11.31 We need to 
prove that the numbers Qp(C 0 ) are real for all C° and (3. As in the proof of Theorem 11.31 
we see that it is sufficient to prove this assertion for some particular point C° and for all 
paths (3 leading to it. We take the same matrix C° as in the proof of Theorem 11.31 Recall 
that Cj is the Gram matrix of the points uq, ... ,u n -i in A n ~ 2 such that u ±,... ,w n -i are 
vertices of a regular (n — 2)-dimensional simplex, and Uq is the centre of this simplex. The 
matrices Cj he in C\n~i for all / C J such that |/| = n — 1, that is, for all / = J \ {j}, 
j — 0,..., n — 1. The assertion of Theorem 11.21 for A” -2 implies that 

R eVj m (C°) = ±R A n— a (C?). 

Substituting this to (16.41) . we obtain that 

.. n—1 

ImQ„(C°) = (6-9) 

1=0 

for some s 0 ,..., s n _i G { — 1,1}. 

Let us vary continuously the pair ( C °, j3) so that C° remains in 'H r f 9 (JBL) \ [J T~Lk- Then 
the submatrix Cj remains in dC\n-i. Obviously, the coefficients Sj do not change under such 
continuous deformations. On the other hand, as it was mentioned above, the value Qg(C°) 
also does not change under such deformations. Hence, the linear combination 

n— 1 

(6.10) 

1=0 

is constant as C runs over a neighborhood of C° in "Hj(IR). Now, notice that the sum (16.101) 
depends only on the submatrix Cj rather than on the whole matrix C. Besides, any suffi¬ 
ciently small deformation of Cj such that Cj remains real and degenerate can be extended 
to a deformation of the pair ( C °, (3) such that C° remains in T-L '/ 9 (K) \U/c^y Hk- Indeed, the 
deformation of C° can be chosen so that the matrix entries Cg n ,..., c°_ 1 n remain constant, 
and the deformation of (3 can be easily built using the smoothness of the hypersurface T~Lj 
in a neighborhood of C°. Therefore, the linear combination 

n —1 

YL S jV(. v 0, • • • ) v j-li Vj+h ■ ■ .,U n -l) (6-11) 

1=0 

is constant as the points n 0 , • • • ,W-i £ A n ~ 2 vary in sufficiently small neighborhoods of 
the points u 0 ,... ,u n _ i, respectively. Here by V{w \,..., w n -i) w e denote the (n — 2)- 
dimensional volume of the simplex in A n-2 with vertices W\,...,w n -\. We put Vj = 
V(v 0 ,.. .,Vj-i,v j+1 ,.. j = 0 ,... ,n - 1. 
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Lemma 6.1. A unique (up to multiplication by a number ) linear combination of the vol¬ 
umes Vo, ..., V n -i remaining constant as the points vq, ... ,v n -i vary in sufficiently small 
neighborhoods of the points uq, ... ,u n -i, respectively, is the linear combination 

71—1 

V, - £ V, = °. (6.12) 

3 = 1 

Proof. The equality (16.1211 holds true, since the simplex [iq ... u n -i] with volume Vo is decom¬ 
posed into n simplices [fo • • • v j~i v j+i ■ ■ ■ v n- i], j = 1, ..., n — 1, with volumes hi, ..., V n -i, 
respectively. 

Now, let Ej=d be a constant, linear combination. Take Vj = Uj for j = 1,..., n— 1, and 
allow to vary the point Vo only. Then the volume Vo is constant, and the volumes Vi,..., Vk-i 
become functions in vq. It is clear from the symmetry reasons that the gradients of these func¬ 
tions at the point v Q = u 0 are tangent vectors £i,..., £ n _i to the segments [uqU-\\, ..., [u 0 u n ^ i], 
respectively, and the lengths of all these vectors are equal to each other. Then £i + • • • + £ n _i 
is the only zero linear combination of these vectors. Hence, all coefficients Ai,..., A n _i must 
be equal to each other. Then equality (I6.12p yields Xp=o ^jVj = (-^o + Ai)Vo. However, the 
volume Vo is obviously non-constant if we allow to vary all points v r Therefore, we obtain 
that Ao + Ai = 0 . □ 

Lemma 16.11 implies that the linear combination (16.111) is proportional to the linear com¬ 
bination (16.12)1 . hence, is equal to zero. Therefore, the right-hand side of (16.91) is equal to 
zero. Hence, the 1-form dV\n satisfies condition (V). 

The principal branch Va n (C) of the multi-valued function Va« on C\n is well dehned and 
satisfies zero boundary conditions, since the volume of any degenerate simplex vanishes. 
Thus, Lemma 13.101 can be applied to the 1-form dV\n and the function Va«. This lemma 
implies that the functions hV 7 are totally real on C\n for all 7 G n, which completes the proof 
of Theorem 11.21 


7. Flexible polyhedra and their volumes 

In this section we give a rigorous definition of a flexible polyhedron, and reformulate 
Theorem 11.11 more precisely. First of all, it is standard for the theory of flexible polyhedra to 
restrict ourselves to considering only simplicial polyhedra. Indeed, an arbitrary polyhedral 
surface has a simplicial subdivision. Passing to this subdivision, we introduce new hinges. 
Hence all flexions of the initial polyhedral surface induce flexions of the obtained simplicial 
polyhedral surface, and, possibly, some new flexions appear. Therefore Theorem 11.11 for all 
flexible polyhedra follows immediately from Theorem 11.11 for simplicial flexible polyhedra. 
Below, we shall always work with simplicial polyhedra only. 

Recall that a A;-dimensional pseudo-manifold is a finite simplicial complex K such that 

(1) every simplex of K is contained in a k -dimensional simplex, 

(2) every (k — l)-dimensional simplex of K is contained in exactly two /c-dimensional 
simplices, 

(3) K is strongly connected, i. e., the complement K \ Sk k ~ 2 (K) is connected, where 
Sk k ~ 2 (K) is the (k — 2)-skeleton of K. 
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A pseudo-manifold K is said to be oriented if its fc-dimensional simplices are endowed with 
orientations such that, for any two fc-dimensional simplices ay and 02 with a common (k — 1)- 
dimensional face, the orientations of this face induced by the orientations of 0 \ and a 2 are 
opposite to each other. 

As before, we shall identify the Lobachevsky space A n with its standard vector model 
in M 1,r \ Let A k be an affine simplex with vertices Vq, ... ,v k . A mapping P: A k —)■ A" will 
be called pseudo-linear if 


P(P 0 V 0 H-h (3 k v k ) 


/ %P(v 0 ) H-h f3 k P(v k ) 

\PoP(v Q ) + --- + p k P{v k )\ 


for any non-negative numbers /3 0 ,..., /3 k such that /3 0 + ■ • • + f3 k = 1, where |x| = \J (x, x). 
It is easy to see that the restriction of a pseudo-linear mapping to a face of A k is also 
pseudo-linear. 

In the sequel, we shall assume that the dimension n is greater than or equal to 2. 


Definition 7.1. Let K be an oriented (n — l)-dimensional pseudo-manifold. A bounded 
( simplicial ) polyhedron of combinatorial type K in the Lobachevsky space A n is a mapping 
P: K —> A n such that the restriction of P to every simplex of K is pseudo-linear. A 
flexion of a bounded polyhedron of combinatorial type K is a continuous family of polyhedra 
P t : K —> A n , where t runs over some interval ( a,b ), such that the lengths of all edges of P t 
are constant as t varies. A flexion P t is called non-trivial if the mappings P tl and P t2 cannot 
be obtained from each other by an isometry of A” for any sufficiently close to each other 
ti f ^2 . 


Notice that, for bounded simplicial polyhedra, the requirement that the lengths of edges 
are constant during the flexion immediately implies that all faces of the polyhedron remain 
congruent to themselves during the flexion. 

Remark 7.2. Definition 17.11 is a natural analogue of the standard definition of a flexible 
polyhedron in the Euclidean space used in [2? ] -[29 ] . da, da, (18j . The only difference is 
that in the Euclidean case we use affine mappings instead of pseudo-linear. Actually, the 
usage of pseudo-linear mappings in Definition 17.11 is convenient but not obligatory. Let us 
refuse from the requirement that the restriction of P to every simplex of K is pseudo-linear, 
and require only that the restriction of P to every simplex A of K is a continuous mapping 
onto the convex hull of the points P(v), where v runs over all vertices of A. Besides, let 
us not distinguish between polyhedra of the same combinatorial type such that all pairs of 
their corresponding vertices coincide. This definition is equivalent to Dehnition l7.ll and was 
used in [2D]- 

Let [w[ s ' ) ... Un S ' ) ], s = 1,..., g, be all positively oriented (n — l)-dimensional simplices of 
the pseudo-manifold K. By definition, the generalized oriented volume of the polyhedron 
P: K —> A n is given by 

v K (P) = f M°. Pd?),-■ ■, Ppp), (7.1) 

S=1 

where o is an arbitrary point in A n and V or (yo,... ,v n ) denotes the oriented volume of the 
simplex in A n with vertices Vq, .. . ,v n with the orientation given by the indicated order of 
vertices. It is easy to see that Vk(P) is independent of the choice of the point o. 
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An equivalent definition of the generalized oriented volume can be given in the following 
way. For each point x in the complement of the surface P(K), let Xp(x) be the algebraic 
intersection number of a path from x to infinity and the (n — l)-dimensional cycle P(K). It 
is easy to show that this intersection number is independent of the choice of the path. The 
function A p(x) is called the indicator function of the polyhedron P. Then 

V K (P)= f A P (x)dV(x), (7.2) 

J A n 

where dV(x) is the standard volume measure in AT 

If P: K —» A n is an embedding, then Vk{P) is the usual oriented volume of the region 
bounded by the polyhedral hypersurface P(K). 

The following theorem is a more precise formulation of Theorem 11.11 which is the main 
result of this paper. 

Theorem 7.3. Suppose that n is odd. Let K be an oriented (n — 1)-dimensional pseudo¬ 
manifold, and let P t : K A n , t e ( a,b ), be a flexion of a bounded polyhedron of combina¬ 
torial type K. Then the generalized oriented volume Vx(Pt) Is constant. 

Definition !?. H allows flexible polyhedra to be self-intersecting and degenerate. For instance, 
one can easily construct an example of a flexible polyhedron in sense of this definition 
that geometrically is the union of the boundaries of two tetrahedra with a common edge, 
see [201 Sect. 2] for details. Certainly, these two tetrahedra can rotate around their common 
edge independently of each other. When we consider the question on existence of flexible 
polyhedra, we would like to avoid such pathological examples. So some additional conditions 
should be added to the def ini tion of a flexible polyhedron. For instance, in [201 ^ ie following 
two conditions are added: 

(1) The image of any simplex of K under the mapping P is a non-degenerate simplex of 
the same dimension in AT 

(2) The simplicial complex K cannot be decomposed into the union of two its subcom¬ 
plexes Ki and K 2 such that dim Ad = dimA" 2 — n — 1 and the set P(A’ 1 fl Kf) is 
contained in an (n — 2)-dimensional plane in AT 

Polyhedra satisfying (1) are called polyhedra with non-degenerate faces, and polyhedra sat¬ 
isfying both (1) and (2) are called non-degenerate polyhedra. In [19] the author constructed 
examples of non-degenerate flexible polyhedra in the spaces E n , § n , and A n of all dimensions. 
This result makes substantial the assertion of Theorem 17.3! 

First, we shall prove Theorem 17.31 for polyhedra with non-degenerate faces. From the 
geometric viewpoint only this case is sensible. However, for the completeness of our result, 
we then shall show that Theorem 17.31 for all flexible polyhedra in sense of Definition 17.11 
follows from Theorem 17.31 for polyhedra with non-degenerate faces. 

Remark 7.4. Definition 17.II can be easily modified so as to obtain a rigorous definition of a 
not necessarily simplicial flexible polyhedron. Namely, in the definition of a pseudo-manifold 
one should replace a simplicial complex by a cell complex glued out of affine convex polytopes 
along affine isomorphisms of their faces. In this case no appropriate analogue of a pseudo- 
linear mapping exists, so one should replace the requirement that the restriction of P to 
every cell of K is pseudo-linear with the requirement that the restriction of P to every cell cr 
of K is a continuous mapping onto the convex hull of the points P(v), where v runs over all 
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vertices of cr, as in Remark 17.21 The generalized oriented volume of a polyhedron P : K —y A n 
is given by the same formula (17.21) . However, as it was mentioned in the beginning of this 
section, Theorem 1 1.1 1 for arbitrary flexible polyhedra follows immediately from Theorem ll.il 
for simplicial flexible polyhedra. Hence further we consider only simplicial flexible polyhedra 
in sense of Definition 17.11 


8. The configuration space of polyhedra with given edge lengths 


Let K be an oriented (n — l)-dimensional pseudo-manifold with m vertices and r edges, 
and let V(A) and E(A") be the sets of vertices and edges of K , respectively. A polyhedron 
P: K —» A n is determined solely by the positions of its vertices. For each vertex v of K } 
we denote by x„ the vector representing the point P(v) in the standard vector model of A n , 
and we denote by x Vj q, ..., x v>n the coordinates of x^. Consider the space M m ( n+ b — (R 1 ’"-)" 1 
with the coordinates x v j , v G V(A"), j = 0 ,,n. The point of this space corresponding 
to a polyhedron P : K — y A n will again be denoted by P. Then the space of all bounded 
polyhedra P : K —* A n of combinatorial type K is the subset of M m ( n+1 ) given by 

(x„, x„) = x 2 vfi - x\ x - x 2 vn = 1, (8.1) 

Xv,o > 0, (8.2) 


where v runs over V(A). 

We £x a set £ = (£ e ) of positive real numbers indexed by edges e G E(A). Then the 
conhguration space £ + (£) of all polyhedra P: K —y A n with the prescribed set of edge 
lengths £ is the subset of M m ( n+ F given by m equations (18. ip . m inequalities (18. 2D . and 
r equations 


(x u , X,,) X u \X v i 


Xu,nXy,n COsh £y li 


(8.3) 


where \uv] runs over all edges of K. (Certainly, the conhguration space S + (£) may be 
empty.) We also denote by 2(£) the real affine variety in R m ( n +d given by the m + r 
quadratic equations (18.11) and (18.31) . Since K is connected, it follows easily from (18.31) that, 
for each point P = (x v j) G £(£), either all x Vi o are positive or all x v $ are negative. Hence 
E(£) = S+(£) U (-S+(£)). 

The following proposition is a reformulation of Theorem 17.31 


Proposition 8.1. Suppose that n is odd. Then the function Vk(P) is constant on every 
connected component of E + (£). 

Any real affine variety £ C possesses a natural stratification that can be constructed 
in the following way, see [57 . Sect. 11(b)]. Let d = dim£. Then £ = £ x U £ 2 , where £1 is 
the the union of all d-dimensional irreducible components of £, and £2 is the the union of 
all irreducible components of £ of dimensions strictly less than d. Put M = Yff 9 \ £2 and 
S' = sf" 9 U £ 2 ; then £ = M U £'. The set £' is a real affine variety of dimension strictly 
less than d. All connected components of M are taken for d-dimensional stata. Then the 
same procedure is recursively applied to £'. The obtained stratification will be referred to as 
the standard stratification of £. By construction, every stratum S of this stratification is a 
connected open (in the analytic topology) subset of the set of regular points of an irreducible 
real affine variety. This easily implies the following proposition. 
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Proposition 8.2. Let S be a stratum of the standard stratification of a real affine variety £ C 
H7 V , and let S be the Zariski closure of S in C N . Then 5 is an irreducible complex affine 
variety, dimcH = dimes', and S C £ re9 . 

The set £ + (€), which we are interested in, generally is not a real affine variety, but it is the 
union of several connected components of the real affine variety £(€). The restriction of the 
standard stratification of £(■£) to £ + (€) will be called the standard stratification of £ + (€). 

Since the standard stratification of T, + (£) consists of finitely many strata, Proposition 18. II 
will follow if we show that the function Vk{P) is constant on every stratum S of the standard 
stratification of £ + (£). This will be done in three steps. First, using Schlaffi’s formula, we 
shall show that the function Vk(P) restricted to S can be continued to a multi-valued analytic 
function Vk{P) on a dense Zariski open subset T C S refl , where S is the Zariski closure of S 
in C m ( n+1 ) . Second, we shall deduce from Theorem 11.21 that the analytic function Vk(P) 
is in fact single-valued. Third, we shall use Liouville’s theorem on entire functions to show 
that the function Vk{P) is constant. This scheme will be realized in Sections l9l and flOl for 
flexible polyhedra with non-degenerate faces. Thus we shall prove Theorem 17.31 for such 
flexible polyhedra. In Section [TT], we shall show that Theorem 17.31 for arbitrary polyhedra 
follows from Theorem 17.31 for polyhedra with non-degenerate faces. 

9. Proof of Theorem 17.31 for polyhedra with non-degenerate faces 

In this section all polyhedra under consideration are supposed to have non-degenerate 
faces. Notice that the property of a polyhedron P: K —> A n to have non-degenerate faces is 
determined solely by the combinatorial type and the set of edge lengths of the polyhedron. 
So in this section we consider only those pairs (K, £) that polyhedra of combinatorial type K 
with the set of edge lengths £ have non-degenerate faces. 

We define the oriented dihedral angle aj? of a polyhedron P: K — y A n at an (n — 2)- 
dimensional face F of K in the following way. Let cri and cr 2 be the two (n — l)-dimensional 
simplices of K containing F. Take any point x in P(P). Let ni and n 2 be the unit vectors in 
the tangent spaces T x P(cri) and T X P(<r 2 ), respectively, orthogonal to T X P(P) and pointing 
inside the simplices P{<7\) and P(er 2 ), respectively. Let mx and m 2 be the outer normal 
vectors to P(<r l) and P(cr 2 ), respectively, at x, i.e., the unit vectors in T x A n orthogonal to 
T x P(cr 1 ) and to T x P(cr 2 ), respectively, such that the product of the direction of m, and the 
positive orientation of P(cr) yields the positive orientation of A n . We say that the positive 
direction of rotation around P(F) is from mi to ni, and denote by of = ap(P) the angle 
from ni to n 2 in this positive direction. This angle is well defined up to 2nk, k G Z. We 
shall always consider as an element of M/(27 tZ). It is easy to see that of is independent 
of the choice of the point x and does not change if we interchange the simplices 01 and <r 2 . 

Schlaffi’s formula for the differential of the volume is usually written for convex polytopes 
in A n , see the Introduction. However, the convexity is unimportant. The following version 
of Schlaffi’s formula follows immediately from Schlaffi’s formula for a simplex, formula (17.11) . 
and the above definition of oriented dihedral angles. 

Lemma 9.1 (Schlaffi’s formula). The differential of the generalized oriented volume of a 
polyhedron P : K —>• A n with non-degenerate faces is given by 

dV K (P) = - —~r V V F (P)da F (P), (9.1) 

FcK, dim F=n— 2 
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where the sum is taken over all (n — 2)-dimensional faces F of K , and Vf{P) is the ( un¬ 
oriented ) (n — 2)-volume of the simplex P{F). 

Let us restrict equation (19.11) to E + (£). For each F, the volume Vf(P) depends only on 
the set £ of edge lengths, hence, is constant on £ + (£); we denote it by Vf,i- 


Lemma 9.2. For each (n — 2)-dimensional face F of A", the restriction of the function 
exp(iap(P)) to the set E + (£) coincides with the restriction of some polynomial Qp{P) in 
the coordinates x v j. 


Proof. Let <j\ and cr 2 be the two (n — l)-dimensional simplices of K containing F. We denote 
the vertices of < 7 i and <t 2 opposite to F by vq and t>i, respectively, and the vertices of F 
by t> 2 , • • •, v n , where the order of vertices is chosen so that the order v±, V 2 , ■ ■ ■, v n yields the 
positive orientation of 02 . Let C be the Gram matrix of the vectors x„ 0 ,..., x„ n . It follows 
easily from the def ini tion of the oriented dihedral angles that the sign of smap(P) coincides 
with the sign of the determinant det(x„ 0 ,..., x Vn ). The square of this determinant is equal 
to (—1 ) n D(C). By (14.11) . we obtain that 


cos a f(P) 


(-l) n - 1 D 1 , tI "(C) 
y/D r (C)D r ,(C) ’ 


sin oif(P) 


(-1 ) n Dj(C) 
D I '(C)D I n(C) 


det(x 


vo 1 


where / = {2,..., n}, V = {0,2,..., n}, and I” = {1,2,... ,n}. The minors D I {C) 1 DjfC), 
and Djn(C) are constant on E + (£), while Djijh(C) and det(x„ 0 ,..., x„ n ) are polynomials 
in the coordinates x v j. Therefore the restrictions of cos ap{P) and sin ap(P) to S + (£) are 
polynomials, hence, the restriction of exp (iap(P)) to F + (£) is also a polynomial. □ 


The polynomials Qf(P) such that exp (ioiF^P)) = Qf(P ) on £ + (£) may be not unique. 
We choose and fix some polynomials satisfying these condition. 

Now, let S' be a stratum of the standard stratification of £ + (£). Since S is connected 
and Vf{P) = Vp,i are constants on S, we can integrate equation (19.11) . We obtain that the 
following equality holds on S: 

V K (P) = ——7 V V^Log Q f (P) + c s , (9.2) 

n — 1 , ^^ 

FcK , dim F=n— 2 

where eg is a real constant that depends on S only. This formula should be understood in 
the following way. Each summand Vpy Log Qf(P) may have non-trivial variation along a 
loop in S. However, the whole sum in the right-hand side of (19.21) has trivial variations along 
all loops in S, since we know that the volume Vk(P) is well defined on S. Formula (19.2)1 
means that we can choose a branch of the sum in the right-hand side so that the equality 
will hold. (Choosing another branch, we change the constant cs only.) 

Let 5 be the Zariski closure of S in C m ( n+1 h By Proposition ^. 21 5 is irreducible, dime S = 
dimes', and S C S re9 . Hence the analytic continuation of a function defined on S along a 
path in 5 is unique whenever exists. 

The angles ap(P) are well defined for all P G S. Hence the polynomials Qp(P) do not 
take zero values in S. Nevertheless, the polynomials Qp(P) may take zero values in 5. Let 
T C 5 be the Zariski open subset consisting of all regular points P of 5 such that all values 
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Qf(P) are non-zero. The subset T is non-empty, since it contains S, hence, T is dense in S. 
We immediately obtain the following proposition. 

Proposition 9.3. The function Vk(P) admits the analytic continuation along every path 
in T. The obtained multi-valued analytic function Vk{P) on T is given by the formula 

V K {P) = ——r Vp,*Log Q F (P) + c s . (9.3) 

n — 1 z — J 

FcK , dim F=n— 2 

Remark 9.4. Formula (19.51) should be understood in the following way: For any branch 
of Vk(P), one can choose branches of the logarithms in the right-hand side so that equal¬ 
ity (19.31) will hold true. However, it is possible that not any choice of branches of the 
logarithms in the right-hand side of (19.31) will yield a branch of Vp(P )■ This situation is 
rather common when we deal with multi-valued functions. It can be illustrated by the fol¬ 
lowing simplest example: Certainly, the equality 2 yfz = yfz + \fz is true for an appropriate 
choice of branches of the square roots in the right-hand side. However, branches of the square 
roots in the right-hand side can be chosen so that their sum will equal zero rather than 2^fz. 

Since all volumes V F) i are real constants, Proposition 19.31 immediately implies the following 
assertion. 


Corollary 9.5. For each point Pq G T, any two branches of the multi-valued analytic func¬ 
tion Vk{P) in a neighborhood of P 0 in T differ by a real constant. 


Take o = (1, 0,..., 0) G A n C M 1,n , and consider formula (17. H . For every s — 1,..., q, let 
= (c^) be the Gram matrix of the vertices of the simplex [oP(d)'*) .. . P(un^)]. For 
each / C {0,..., n}, we put D\ h) = Dj(C^). To indicate the dependence of the matrices C ^ 
and the minors D on P, we shall sometimes write C^f P) and D\ S \P), respectively. 

All elements of all matrices are polynomials in the coordinates x v j, hence, are regular 
functions on 5. Therefore all minors are also regular functions on S. Let 12 C S be the 
Zariski open subset consisting of all regular points P of S such that all minors D^\ where 
s — 1,..., q, I C {0,..., n}, are non-zero at P. 


Lemma 9.6. The subset 12 D S is dense in S ( in the analytic topology). 

Proof. The isometry group Isom(A n ) acts naturally on £ + (£). This action is compatible 
with the standard stratification, that is, the image of any stratum under the transformation 
given by each element of Isom(A ri ) is again a stratum. Since the subgroup Isom + (A n ) of 
orientation-preserving isometries is connected and the number of strata is finite, we obtain 
that every stratum is invariant under the action of Isom + (A n ). Let Pq be a point in S. Then 
the (n— l)-simplices [Po(' y i S '*) • • • -Po( u ri^)] are non-degenerate, s — 1,..., q. Therefore, there 
exists an isometry h G Isom + (A ?l ) arbitrarily close to the identity isometry such that, for 
P = h o P 0 , the n-simplices [oP(q *) ... P(u^)] are non-degenerate, s = 1,..., q. Then 
p g 12 n S'. □ 


In particular, we see that 12 is non-empty. By Proposition 18.21 S is irreducible. Therefore, 
12 is a dense Zariski open subset of 5. 
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Proposition 9.7. If the dimension n is odd, then the function Vk(P) in Proposition ] 9. 3\ is 
a single-valued holomorphic function on T. 

Proof. Take any point P 0 E fifl S'. All simplices [o Po(wj^) • • • Po^i' 5 '*)] are non-degenerate, 
s — 1 ,..., q. Put £ s — 1 whenever the simplex [o Pq (w^) ■ ■ ■ Pq (Vn ) )] is positively oriented, 

and e s = — 1 whenever the simplex [oPo^l' 1 ) ■ ■ ■ Po ( Vn ) )] is negatively oriented. Then, for 
P in a small neighborhood of Pq in S, formula (17.111 takes the form 

Vk(p) = J2 r(<T). ■ ■ ■, r(«h)). 

S=1 

where V{vq, ... ,v n ) denotes the unoriented volume of the simplex with vertices Vq, ... ,v n . 
Using the function V\n{C), this can be rewritten as 

Vk(P) = '52esV An (C (a) (P)). (9.4) 

S=1 

By Proposition 19.31 the function Vk{P) is real analytic on S and admits the analytic 
continuation along any path 7 in T starting at P 0 . Since Po is a regular point of S and 
dime 5 = dirriR S, we see that the analytic continuation of Vk(P) along 7 is unique. To 
prove that the obtained analytic function Vk(P) is single-valued, we need to prove that the 
analytic continuation v\f\P) of Vk{P) along any loop 7 in T with endpoints at Po is again 
the same function Va(P)- Moreover, we need to prove this for loops 7 contained in T fl Q 
only. Indeed, since U is a dense Zariski open subset of 5, any loop in T is homotopic to a 
loop in T nh. 

Let 7 be a loop in T fl U with endpoints at Po- By Corollary 19.51 we have V\f\P) = 
Va'(P) + c 7 for a real constant c 7 . Let 7 s be the loop going twice along 7 . Then Vjf \P) = 
Va'(P) + 2 c 7 . For each s, consider the path 7 2 ). It is a closed path in G( n ){ C) \ X that 
has even linking numbers with all irreducible components of X. Continuing analytically 
both sides of (19. 4 p along y 2 , we obtain that 

V K {P) + 2 c 7 = Y, ( C {S \P )) 

5=1 

for P in a neighborhood of P 0 . In particular, this equality holds for P = P 0 . Therefore, 

2c 7 = J2e s (C'W(Po)) - UAn(C^(Po))) . (9.5) 

8=1 k ' 

For each s, the matrix C^(Po) belongs to Ca«, since it is the Gram matrix of the vertices 
of the non-degenerate simplex [oPo(n| s ' ) ) .. . Po(ui^)]. Since the linking number of C^(j 2 ) 
and the hypersurface PL is even, Theorem 11.21 yields that all summands in the right-hand 
side of (19. 5p are purely imaginary. But c 7 E K. Hence c 7 = 0, which completes the proof of 
the proposition. □ 

We need the following consequence of Liouville’s theorem on entire functions. It seems 
to be standard. However, for the convenience of the reader, we shall give a proof of it in 
Section [101 
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Lemma 9.8. Let Abe a smooth irreducible complex affine variety, and let p be a holomorphic 
function on A. Assume that there exist regular functions /i,... ,/jv G C[A] such that 


lm<p(x) < max log|/ n (x)| 

n=l,...,N 

for all x E A. Then p is a constant. (Here we use the convention logO = — oo.) 


(9.6) 


Proposition 9.9. If the dimension n is odd, then the function Vk{P) is constant on T. 
Hence the function Vk(P) is constant on S. 

Proof. By Proposition 19.71 Vk{P) is a holomorphic function on T. By (19.31) . we have the 
following estimate 


ImVAr(P) = 


n — 1 


£ V F ,i log | Q F (P) | 

FcK, dim F=n— 2 

NV F/ log | Q F (P) | 


< max 

FcK , dim F=n— 2 


n 


< max [ 0, max log Qp(P) J 

' F<zK, dim F=n—2 1 


where N is the number of (n — 2)-dimensional simplices of K, and L is a positive integer that 
is greater than all numbers NVpjJ (n — 1). Recall that Qp(P) are regular functions on T. 
Take a principal Zariski open subset Sj C 5 such that Sj C T. (Recall that a Zariski open 
subset of an irreducible affine variety is called principal if it is the complement of the set of 
zeros of a regular function.) Then Sy is an irreducible affine variety. Besides, Sy is smooth, 
since T C 5 re9 . Applying Lemma 19.81 to the restriction of the function Vk{P) to Sy, we 
obtain that Vk{P) is constant on Sy, hence, it is constant on T. □ 


Since the standard stratification of E + (£) consists of finitely many strata, Proposition 19.91 
implies that the function Vk{P) is constant on every connected component of E + (£). Thus 
Proposition 18.11 and, hence, Theorem 17.31 hold true for polyhedra with non-degenerate faces. 


Remark 9.10. Substituting the oriented dihedral angles op to formula (jl.2|) . we obtain the 
definition of the total mean curvature of any polyhedron P : K —>■ A n with non-degenerate 
faces. Since the angles a F are defined modulo 27 tZ, the total mean curvature is defined 
modulo the subgroup of M generated by the numbers 2ttV f (P) for all (n— 2)-dimensional faces 
of K. However, for any flexible polyhedron T\ : K —> A n , we can choose a real-valued branch 
of the total mean curvature of P t . Theorem 17.31 and Schlaffi’s formula ( 19 . 11 ) immediately 
imply the following assertion, which is a more precise formulation of Corollary 11.51 

Corollary 9.11. Suppose that n is odd. Let K be an oriented (n — 1)-dimensional pseudo¬ 
manifold, and let P t : K A n be a flexion of a bounded polyhedron of combinatorial type K 
with non-degenerate faces. Then the total mean curvature of P t is constant. 


10. Proof of Lemma 19.81 

Lemma 10.1. Let A be an irreducible complex affine variety, and let f be a non-constant 
regular function on A that does not take zero value. Then the multi-valued function Log / 
does not have a single-valued holomorphic branch on A. 
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Proof. First, suppose that A is a curve. Then we can delete from C a finite set of points B = 
{&o = 0 , 6 i,..., 6 9 } so that the restriction of / will yield a finite-sheeted (non-ramihed) 
covering / -1 (C \B) —> C \ B. Choose a positive number R different from |6 i|,..., \b q \, and 
put 

Sj t = {zeC\\z\= R}. 

Then the restriction of / to / _ 1 (S^) is a finite-sheeted covering f^ 1 (Sf i ) —y S^. Any con¬ 
nected component 7 of f^ 1 (S} i ) is a closed path in A. As a point x passes along 7 , its image 
f(x) passes several times along S# in the same direction. Hence any branch of Log / changes 
by a non-zero constant. 

Second, suppose that A C C N is an irreducible affine variety of dimension d > 1. Since 
/ is non-constant on A, there exists a regular point x G A such that df is non-zero at x. 
Take any tangent vector £ G T X A such that (df, £) 7 ^ 0. ft is not hard to see that there 
exists an irreducible affine curve T C A such that x is a regular point of T and £ is a tangent 
vector to T at x. Indeed, one can take for T the irreducible component containing x of an 
arbitrary plane section Ann, where n C C N is an (N — d + l)-dimensional plane such that 
T X A n T X I1 = (£). Then the restriction of / to T is non-constant. Hence Log / does not have 
a single-valued branch on T. Therefore it does not have a single-valued branch on A. □ 

Proof of Lemma \9.8[ Let d be the dimension of A. Then there exists a finite regular mapping 
F: A — y C d . Let k be the degree of F. Then there is a non-empty Zariski open subset U C C d 
such that every point z G U has exactly k pre-images under F. Moreover, the pre-images of 
every point z E C d \U can be assigned multiplicities such that the sum of the multiplicities 
of all pre-images is equal to k, and the resulting mapping F~ l : C d — y Sym fc (A) is continuous, 
where Sym fc (A) is the kth symmetric power of A. We put 

if(x) = exp(— iip(x)). 

For each z E C d , we put 

^j( z ) = crj(' t P(xi),...,iJj(xk)), ( 10 . 1 ) 

where a 3 is the jth elementary symmetric polynomial, and x±,,X/~ are the pre-images of z 
under F. The functions X 1 J 3 (z) are holomorphic on U and continuous on C d . Hence they 
have removable singularities on C d \U , i. e., they are entire functions on C d , see |33l Sect. 32, 
Theorem 3]. 

Now, let us estimate the functions ^fj(z). Inequality (19.61) yields 

|'hj(-)| < ( max \f n (xi)\, ..., max |/ n (ar fc )| ) . ( 10 . 2 ) 

n=l,...,N J 

The ring C[A] is an integral extension of the ring C[C d ] = C[zi,..., zf\. Hence every function 
f n satisfies a polynomial relation of the form 

fn" + 9n,lfn n 1 +-h 9n,s„ = 0, 

where g n j are polynomials in z = F(x). Therefore estimates ( 110 . 21 ) yield estimates 

| v kj(^)| < Cj(l + \z\ Kj ) 

for some Cj,Kj > 0. By Liouville’s theorem on entire functions, the functions du (z) are 
polynomials, see 0 Sect. Al.l], 
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By (IIP.ID . the function 0 satisfies the polynomial relation 

0 fc (x) - ^i(F(x))iJj k ~ 1 (x) + ^ 2 {F{x))^ k -\x) -+ (-1 ) fc ^ fc (F(x)) = 0. 

The coefficients x If(F(x)) are regular functions on A. Hence, the function 0 is integral over 
the ring C[A]. On the other hand, the function 0 is holomorphic on A. It follows that 0 
is rational function on A, see [ 34l Ch. 8, Sect. 3.1]. Since A is smooth and 0 takes finite 
values at all points of A, we obtain that 0 is a regular function on A. The function —ip is 
a single-valued holomorphic branch of the function Log0 on A. By Lemma riO.il this would 
be impossible if the function 0 were non-constant. Thus 0 and p are constants. □ 

11. Proof of Theorem 17.31 for arbitrary polyhedra 

Theorem 17.31 for arbitrary flexible polyhedra follows immediately from Theorem 17.31 for 
flexible polyhedra with non-degenerate faces and the following lemma. 

Lemma 11.1. Let P t \ K A n be a bounded flexible polyhedron. Then there exist oriented 
(n — 1 )-dimensional pseudo-manifolds K^\ ... and bounded flexible polyhedra with non¬ 

degenerate faces : AhO —> A n , l — 1 ,..., k, such that the indicator function A p t (x) is equal 
to the sum Yli=i A P (.i)(%) f or all t and all x € A n \ P t (K). Hence, 

k 

V K (P t ) =J2 V K"> (P A- 
1=1 

Proof. Let £ be the set of edge lengths of the flexible polyhedron P t : K —> A n . For each 
simplex a of K, the image P f (cr) is determined up to isometry of A n by the set of edge 
lengths of a. We shall conveniently choose a polytope A a C A n isometric to P 4 (cr) for all t, 
the projection w a \ cr —>■ A ff , and the isometries p a> t : A ff —> Pt(cr) such that ° — Pt\a 
for all t. We shall say that a simplex a of K is t-non-degenetrate if dim A a = dimer, and 
£-degenetrate if dim < dim a. If a is Anon-degenetrate, then A a is a simplex. 

A sequence 6 = (er 0 ,..., <j m ) of (n — l)-dimensional simplices of K is called a thick path 
if dim(<7.,_i D (Tj) = n — 2 for j = 1,..., m, and <7j_i f <jj + 1 for j = 1,..., m — 1. The 
number m will be called the length of 6. A thick path 6 will be called admissible if m > 1 
and the following conditions are satisfied: 

(1) do is Anon-degenerate and cq,..., cr m _i are Adegenerate. 

(2) The simplices Tj = <jj_i fl a 3 are Anon-degenerate, j — 1,..., m. 

(3) dim (A(ri) n • • • n P t (r m )) = n- 2. 

Let us prove that the latter condition is independent of t. Indeed, let q 2 . tl be an isometry 
of A n taking P tl (af) to Ptfcrf), and let n tl and A t2 be the (n — 2)-dimensional planes in A n 
containing P t] (q) and Pt, (ri), respectively. It is easy to see that conditions (1) and (2) imply 
that P tl and P t2 map all simplices cy,..., <r m _i to the planes II/, and 11, 2 , respectively, and 

Pt, UiU-Ucr m -i h,,ti ° Ptl lo-jU-.-Ucrm-i • 

Therefore, the polytopes P tl {r x ) fl • • • fl P tl (r m ) and Pt 2 {ji ) H • • • fl P( 2 (r m ) are isometric. 
Moreover, we see that the (n — 2)-dimensional convex polytope 

Po = Tao,t (Ptin) n • • • n P t {T m )) c dA ao 


is independent of t. 
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An admissible thick path 9 = (cr 0 ,..., <r m ) will be called maximal if a m is Pnon-degen- 
erate. Obviously, if 9 is a maximal admissible thick path, then the inverse sequence 9~ l = 
(<r m ,..., do) is also a maximal admissible thick path, and the isometry 

le :Fe^ p t (n ) n • • • n P t {r m ) -^4 Fg-i 

is independent of t. 

Lemma 11.2. The number of admissible thick paths is finite. Let a be an t-non-degenerate 
(n — 1)-dimensional simplex of K. Then the polytopes Fg, where 6 runs over all maximal 
admissible thick paths starting with cr, form a decomposition of d A CT into finitely many convex 
polytopes with disjoint interiors. 

Proof. To prove that the number of admissible thick paths is finite it is sufficient to show 
that any admissible thick path 6 = (cr 0 ,..., cr m ) is non-self-intersecting, i.e., the simplices 
cro,..., <7 m are pairwise disjoint. Assume the converse. Take the smallest j such that oy = cp 
for some i < j. If i 0, then the simplices r*, T l+ \ , and Tj are three pairwise different (n — 2)- 
dimensional faces of cq. ft follows easily that dim(P 4 (r,;) D Pt{ji + 1) fl Pt,( T j)) < ei — 2, which 
contradicts property (3) in the dehnition of an admissible thick path. If i — 0, then j = m. 
Because of the minimality of j, we see that ay A cr m -\. Hence T\ and r m are different (n — 2)- 
dimensional faces of the ^-non-degenerate simplex cr 0 . Therefore dim(P f (ri) nP((r m )) < n — 2 
and we again obtain a contradiction with property (3). 

Let us prove that the interiors of polytopes Fg and Fg/ corresponding to different maximal 
admissible thick paths 6 = (<r, <Ti,..., a m ) and O' = (cr, a [,..., a' m f) are disjoint. If cri 7^ <rj, 
then Fg and Fg/ lie in different (n — 2)-dimensional faces of A^, hence their interiors are 
disjoint. Assume that ay — erf Take the smallest j such that (Tj af Then Tj- 1, Tj, and rj 
are three pairwise different (n — 2)-dimensional faces of <Tj-\. Hence dim(Pj(r ? _i) D Ptijj) H 
PfiPj)) < n — 2. Therefore dim (Fg fl Fg/) < n — 2. Thus the interiors of Fg and Fg/ are 
disjoint. 

Finally, let us prove that the union of the polytopes Fg for all maximal admissible thick 
paths 9 starting with a coincides with dA a . We denote by A m (a) the set of all admissible 
thick paths of length m starting with cr, and we denote by MA(cr) the set of all maximal 
admissible thick paths starting with a. For m > 1, let us prove that 

U Fee U Fg. (11.1) 

d£Am -1 e&A m {(y)VjMA{a) 

Let 9 = (a, <Ti,..., (J m -\) be an admissible thick path that is not maximal. Let Tm \ • • •, Tm'* 
be all Pnon-degenerate (n — 2)-dimensional faces of <r m _i different from r m _i. For j = 
1 ,p, let <Tm be the (n— l)-dimensional simplex of K such that cr m _i D am = Tm\ and let 
9 ( A = (cr, <ti, ..., cr m _i, (7rn). Since o m - X is ^-degenerate, we have Pi(r m _i) C \J p j=1 P t (r$). 
Hence, 

p 

P f (n) n • • • n P^w) c [j (Pfin) n • • • n P^w) n P 4 (r^)). 

3 = 1 

Moreover, since Pf(ri) fl ••• fl Pt(r m _i) is an (n — 2)-dimensional convex polytope, it is 
contained in the union of only those polytopes P*(ti) fl ••• fl P 4 (r m _ 1) D PAt m) which 
are (n — 2)-dimensional, that is, correspond to admissible thick paths 9^f Therefore the 
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polytope Fg is contained in the union of the polytopes F e a) corresponding to admissible thick 
paths 9 <J \ which immediately yields (111.11) . Since the sets A m (a ) are empty for sufhciently 
large m, we obtain that UeeMTfo-) ^0 A UeeTRo-) = <9A CT . The latter equality holds, since 
all thick paths (a, ay) of length 1 are admissible. □ 

Let us proceed with the proof of Lemma 111.11 Take the disjoint union of the hyperbolic 
simplices A a , where a runs over all £-non-degenerate (n — l)-dimensional simplices of K. For 
each maximal admissible thick path 6 = (<7 0) ..., cr m ), glue the (n — 2)-dimensional polytopes 
Fg C dA ao and Fg -1 C dA am along the isometry 'fg. Let JC be the obtained cell complex. 
For each t , the mappings A a —s- A n constitute a well-dehned mapping V t : /C —> A n . 
In particular, it follows that the tautological mappings A,,- —> /C are embeddings, i.e., that 
we never glue any two different points of the same cell A a . By the construction, every cell 
of /C is contained in an (n — l)-dimensional cell and every (n — 2)-dimensional cell of /C 
is contained in exactly two (n — l)-dimensional cells. We subdivide the cell complex 1C 
into convex hyperbolic simplices. Let be the connected components of the 

obtained simplicial complex. Then K^\ .... KA') are (n — l)-dimensional pseudo-manifolds. 
The orientation of every ^-non-degenerate (n — l)-dimensional simplex a of K induces the 
orientation of A^. Hence the pseudo-manifolds K^\ ..., obtain canonical orientations. 
Let be the restriction of Vt to K^\ Since the restriction of Vt to every cell A^ is an 
isometry, we see that Pj J> : —y A” is a flexible polyhedron with non-degenerate faces. 

It follows immediately from the construction that P^(K^) C P t (iF) for all j and t , and 
A p t (x) = X p (i)(x) for all t and all x G A 71 \ Pt.(K). □ 
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